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DERIVED FUNCTORS
OF UNITARY HIGHEST WEIGHT MODULES
AT REDUCTION POINTS

PIERLUIGI MOSENEDER FRAJRIA

ABSTRACT. The derived functors introduced by Zuckerman are applied to the
unitary highest weight modules of the Hermitian symmetric pairs of classical
type. The construction yields “small” unitary representations which do not have
a highest weight.

The infinitesimal character parameter of the modules we consider is such
that their derived functors are nontrivial in more than one degree; at the ex-
treme degrees where the cohomology is nonvanishing, it is possible to determine
the K-spectrum of the resulting representations completely. Using this infor-
mation it is shown that, in most cases, the derived functor modules are unitary,
irreducible, and not of highest weight type. Their infinitesimal character and
lowest K-type are also easily computed.

1. INTRODUCTION

Cohomological parabolic induction is a general algebraic method used to
construct admissible representations of a real reductive group G from repre-
sentations of a subgroup L of G. This type of induction was first introduced
by Zuckerman in 1977 in unpublished lectures given at The Institute of Ad-
vanced Study. The main ingredients in the Zuckerman construction are what
are now called the Zuckerman functors I"' . Using these functors he constructed
representations Aq(4) that he conjectured to be unitarizable.

Vogan [14] has proven a stronger result that implies Zuckerman’s conjecture:
he showed that if a unitarizable (I, LNK)-module has infinitesimal character in
an appropriate Weyl chamber, then the cohomological induced (g, K)-module
is unitarizable. This result relies on a general vanishing theorem for the r:
there is a distinguished index §, the so-called middle dimension, such that, if
V satisfies the hypothesis of Vogan’s theorem, then I'' (V) =0 if i # 5.

In this paper we construct some particular representations in a situation
where the type of vanishing described above is no longer present. To describe
these results we need some notation: let G' be the universal covering group
of a simple group that admits unitary highest weight modules. Let K' bea
subgroup covering a maximal compact subgroup. It is shown in [4] that to
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each unitary representations of K' we can associate a one-parameter family
of unitary highest weight representation that can be described by the following
diagram:

o [} e o o

/

TV
irreducible generalized Verma modules reduction points

We study the Zuckerman functors at the reduction points of the family asso-
ciated to the trivial representation of K'. More precisely, we analyze the case
when the Lie algebras of G and G' are real forms of the same complex Lie
algebra and, moreover, they both correspond to Hermitian symmetric pairs of
classical type. In such a situation, we show that, if V denotes the irreducible
(g, Kl)-module corresponding to a reduction point, then there is an index i,
that depends on V, such that I''(V) is computable. Moreover, we prove that
the resulting (g, K)-module is irreducible and unitary at least for every other
reduction point. In many “good” cases, however, we actually have this result
for all the reduction points. The precise statements are given in §7 (Corollary
7.2). The index mentioned above is what we call the “extreme dimension”, that
is, the first index such that the cohomology is nonvanishing. We can also deter-
mine the K-spectrum of I''(V) explicitly: it is mulitplicity free and the K-types
form a cone in a lattice of rank less or equal to the real rank of both G and
G'.In particular, the lowest K-type of our representations is easily computed
(Theorem 7.9).

To this moment the only known classifications of unitary representations for
large rank groups are those for GL(n, K) (K =R, C, H) [13] and for complex
classical Lie groups [1]. In both cases all the unitary representations are obtained
via induction or complementary series starting from basic building blocks which
have small infinitesimal character and large annihilators. Our method gives a
way to construct new representations with those characteristics starting from
known ones (namely the unitary highest weight modules), in fact most of the
modules we obtain do not have a highest weight (Corollary 7.11). This suggests
that our representations could play a role in classification theories for the groups
we consider similar to those cited above. They should also fit in Howe’s theory
of dual pairs.

There are two main steps in the proof of our results: first we give an ab-
stract criterion for irreducibility and unitarity of the derived functors of certain
representations (Theorem 5.7): we look at a highest weight module M that
is completely reducible as a K-module. Let .#] be the set of the irreducible
representations of K occurring in M that contribute to the extreme dimension
cohomology. We show that, if the infinitesimal characters of the elements of
%, are all in the same Weyl chamber and there is an element that is cyclic in %
then the extreme dimension derived functor of M is irreducible and unitary.

We then give a complete description of the E-structure of a unitary highest
weight module for the Hermitian symmetric pair (g, Kl) (Theorem 6.12). This
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allows us to apply our criterion to that case. Some case-by-case computations
are needed; we give full details for type C, only: the other cases can be handled
in a fairly similar way.

In §§2 to 4 we give the basic results concerning Zuckerman and translation
functors, and we prove a general fact about the behaviour under translation of
the Shapovalov form.

In §5 we prove our abstract criterion for irreducibility and unitarity.

In §6 we establish the structural result that allows us to apply our criterion
to the case of Hermitian symmetric pairs of classical type.

In §7 we carry out the complete calculations for the type C, case; the results
for the other cases are only stated; we also give the explicit description of the
K-spectrum of our representations and compute their lowest K-type.

Most of the material contained in this work is essentially the author’s doctoral
thesis given at Rutgers in 1988. He wishes to thank his thesis advisor, Nolan
Wallach, for help and guidance. Many discussions with Dan Barbash were also
very useful.

2. NOTATION

Let G be the universal covering of a connected real reductive Lie group and
let K be a maximal connected subgroup such that K/center G is compact.
Let g, and ¢, be the Lie algebras corresponding to G and K respectively
and let 6 denote the Cartan involution of g, giving the Cartan decomposition
8= & ®pg-

Let t, be a Cartan subalgebra (C.S.A.) of ¢, and let b, be the centralizer
of t, in g,; then b, isa C.S.A. of g, .

We denote the complexification of a real algebra by dropping the subscript.
If a C g is a subalgebra, we write a, =aN¢, a, = aNyp; in particular, if a is
f-stable, we have a=a.®a, .

If E isa h-module (resp. a t-module) and a € h*, (a € t") is a weight for
E, let E_ denote the a-weight space of E. Let A denote the set of roots of
g with respect to b and let A, = A, be the set of t-roots for g. If E C g is
ad(h)-stable let A(E) be the set of roots occurring in E. If E is ad(t)-stable
we let A (E) denote the set of t-roots occurring in E. If there is no chance
for confusion we will drop the subscript.

Let q C g be a @-stable parabolic subalgebra with #-stable Levi decompo-
sition g = ma@u. Fix A* C A a @-stable positive system compatible with
q.

Let n = ZQGN g, b=b&n,and set u = Z_aeA(u) g, ; we observe that
U =3 e Aw,) ¢, . Let A" (¢) be the positive system in A(t) corresponding to
b ..

c

If EC g is ad(h)-stable, let A™(E) = A(E)NA" and p(E) =43 oo gy @
If E is ad(t)-stable then set A{(E) = A(E)NA] and p(E) = 3 ¥ peptx) @
In particular, we let p denote p(g) and p, denote p,(E).
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We fix an ad-invariant and 6-invariant nondegenerate symmetric form (, )
on g, thus (, ) defines an isomorphism between h and h*. If 1 € h” we
let H, € h denote the element corresponding to A under this isomorphism.
Under this identification ( , Dot induces a nondegenerate form on h* that we
still denote by (, ).

Ifa is a Lie algebra, let U(a) be its universal enveloping algebra and Z(a)
the center of U(a). If 2 € b” is A*(m)-dominant integral and u € t* is A¥(m)-
dominant integral, we let F(4) and H(u) be the irreducible finite dimensional
m and m_ -modules having highest weight 4 and u.

Define the generalized Verma modules

M(q, 2)=U(g) ®U(q) F(4),
M (0, 1) = U(®) 8y, Hls).

Let L(q,4) and L(q., u) be the irreducible quotients of M(q, A) and
Mc(qc b ﬂ) M _

Let X — X be the conjugation of g with respect to g,. For X € g let
X" =-X. We can extend * to a conjugate linear antiautomorphism of U(g),
ie.,

(2.1)

XY) ' =vY"Xx", X,YeU(g),

and
1" =1.

If V isa g-module, a Hermitian form (, ) on V is said to be g,-invariant
if
(Xv,w)= (v, X'w) for X e U(g), v,weV.
Let my =mnNg,. We will always assume that F(4) admits an m-invariant
Hermitian form (, ) Fy OF equivalently that

(2.2) A(H) = -AH), Henw.
If Aeh” satisfies (2.2) we say that A is purely imaginary.

Given (,) F(3) one can define a g, -invariant Hermitian form (, ), on
M(q, A).

The radical of this form is the maximal submodule of M(q, 4),s0 (, ), in-
duces a form on any of its quotients and this form is nondegenerate on L(q, 4).

Moreover, if V' is a quotient of M(q, 4), then the induced form is, up to a
scalar, the only g, -invariant Hermitian form on V.

Let #" = # (g, h) be the Weyl group of (g, h) and let 7, = #'(¢, t) be
the Weyl group of (¢, t).

If Aeb™, let x,: Z(g) — C denote the infinitesimal character correspond-
ing to A via the Harish-Chandra homomorphism.

If M isa g-module, let M)(A = {v € M|3n such that (x —x,(x))"v =0 for
each x € Z(g)}.
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Suppose that
(2.3) M= M, .
X

Then we write p,: M - M A for the projection corresponding to the decom-
position (2.3).

If M satisfies (2.3) and it is of finite length, then it is easy to see using
induction on the length that there is N € N such that

(2.4) M, ={veM|x- ) v =0 VxeZ(g)
If a Cb are Lie algebras and V' is a b-module, we set
V®={veV|X -v=0foreach X €a}.

3. ZUCKERMAN FUNCTORS

If a D b are Lie algebras, let #(a, b) be the category of a-modules which
are locally finite and completely reducible as U(b)-modules. If 4 € #(g, m ),
define I', to be the sum of all irreducible unitary finite-dimensional K-sub-
modules of 4.

Then

I': (g, m,)—%(g, ¥

is a left exact functor. Since %(g, m,) has enough injectives, we can form r:

the ith right derived frunctor of I" = I'°. These are the so-called Zuckerman
functors.
Let F: %(g, m.) — € (¢, m,) be the forgetful functor. It is shown in [3] that

F maps injectives to injectives, hence, for each i, I and F commute.
Let S =dimu,;if w € 7, let [(w) = [{a € AJr (®)|w(e) ¢ A*(€)}|. The
following holds:

3.1 Theorem. Let u €t be A" (¢)-dominant and purely imaginary. Let w €
Y, satisfy wA"(¢) 2 A" (m_). Then, for i€ N,
L(a,,u—p,) ifi=Il(w)andpis
S— z .
r’ M(q,, wu—-p,)) = integral and regular,
0 otherwise.
For a proof, see [3].
3.2 Corollary. If u,w areasin 3.1, then
if u is integral and regular

Lc(qc’:u_pc)9 l=l(w),

(L (q . _ ={
(L(q,, wu—p,) 0, i< l(w):

otherwise

T'(L(q,, wu—p))=0 VieN.
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Proof. We prove the statement by induction on S — /(w). If [(w) = §,
then (wu, a) < 0 for each o € A(u,). This implies that L.(q,, wu — p,) ~
M. (q., wpu—p,) (see[9]). The result then follows from 3.1.

Let w € 7, satisfy the hypothesis and assume i = § — /(w) > 1. Assume
also that the statement is true for any w’ € Z, that satlsﬁes the hypothe31s and
such that S —/(w)<i.Let 0=M,C M, C---CM,=M(q., wu—p,) bea
filtration such that

M/M,_ =L, ,wu-p), 1<j<n,

with w, = w, l(w;) > l(w) if j < n, and w,A"(¢) 2 A¥(m ) for any ;.
Such a filtration exists (this follows from [2, Théoréme 7.7.7]. From the exact
sequence

0—-M,_,-M —-L(q,wu-p,)—0
we obtain the exact sequence

j j j+1
=T (M,) = T(L(a,, wn—-p) =T (M, )=

n
If u is integral and regular we see from 3.1 that

—»rSH(M l-.S+z qc>w/‘ pc —»FS““(M,,_I)—»O
is exact and that, if r> i,
I-‘SH qc W — pc ~ 1-..S‘+r+l(]u ~
Hence, if we prove that
(3.3) V(M. )=0 forr>i,

then the result follows from 3.1.
The exact sequence

O—»MJ (

and the induction hypothesis imply that there is an onto map
O M) -T (M), rxi

Since I°*"(M,) = 0, (3.3) holds.
If M is singular or nonintegral then the same argument applies. O

_)M]_)Lc(qc’wjﬂ_pc)_)o

Corollary 3.2, together with the observation preceding 3.1, are the main tools
we use to compute derived functor modules.

Let a be ¢ or g. If 4 € %(a, m,) we say that 4 is admissible if, for each
finite-dimensional m_-module F,

dlmHomU (F A)) < +o0.

Let &/(a, m,) be the category consmtmg of the admissible objects in
%(a,m,). If A€ &(a,m,) (resp. 4 € €(a, k), let 4" be the dual of 4.
We set A" equal to the subspace of A" consisting of the locally U (m,)-finite
(resp. U (¢)-finite) functionals. If T: A — B let T : B — 4" be the conju-
gate adjoint of T .
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3.4 Theorem. If A € &/ (a, m,) then, for each i, there is a natural isomorphism
e: I’ 4"y - 1),

For a proof, see [3 or 17].

If A, B admit an aj-invariant sesquilinear pairing ¥, then y defines a
map y: A— B’ by y

v (a)(b) = y(a, b).

In particular, if 4 € %/ (a, m_) admits an a -invariant Hermitian form, then
8o (y"): T*(4) - I°7'(4)" defines an a-invariant pairing between
I5*(4) and T57/(4). We denote this pairing by It (y). If 4 is admissible
and y is nondegenerate then l"g“(t//) is nondegenerate.

This fact, together with 3.2, implies
3.5 Corollary. If u,w areasin?3.1, then, if i=S—-1l(w),

(L, wi—p,) =T (L (a,, w - p,)).
Proof. 3.2 implies that l"g“(Lc(q o> Wu—p,)) is finite dimensional. Since u is
purely imaginary, L.(q,, wu — p.) admits a £;-invariant Hermitian form; the
duality then implies the statement. O

We now describe how to relate the g-action on M € (g, m_) to the action
of g on T'(M).

Let Z(K) be the Hecke algebra for K, that is the algebra of matrix entries
of finite-dimensional unitary representations of K. Let #(K) be the category
of locally finite unitary K-modules.

3.6 Lemma. If V € €(K) and M € (g, m) then there exists an isomor-
phism ' '
T,(M): T'MeV)—VeI'(M)
which is natural in both M and V .
Proof. In [3] it is shown that, as a ¢-module,
I'M)~H'(e,m ; M®Z(K)).
Let T: Vo#(K)— #Z(K)®V be given as follows: if f € Z(K) and ve V,

let v,,...,v,; beabasisof U(t)-v C V. Let 4,,..., 4, be the dual basis
and |
[c,‘j(k)] = /li(k 'Uj)].
Then
(3.7) T'w,®f)=) ¢, /o,
r

It is easy to check that T’ is a well-defined isomorphism that intertwines

n® L with L ® trivial ( L is the left action of ¢ on #(K)), then
T,(M)=H'(t,m;IoT).
For more details, see [17]. O
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We can now give the g-action on I’ i(M ). If M isa g-module, let
(3.8) m: MeU(g)— M, VR g g .
We also look at U(g) as an object of #(K) under Ad.
3.9 Theorem. If M € €(g, m,) and V C U(g) is a K-submodule, then the
Jollowing diagram is commutative:
r'MeV)

(M) T,

VeT'(M)
Proof. See[3or17]. O

We now want to relate the natural transformation 7, = 7, (-) with the
duality transformation 6.

3.10 Lemma. Suppose F is a finite-dimensional object of € (K) and V €
& (¢, m,). Then the following diagram is commutative:

Fier™ (") &8 (Fer ()"
TTFV le.\'/
r’vYer) 2 (Ve F)”
Proof. We need to recall the definition of ©. Let
C'(V @ #(K)) = Hom(A't/m_, V ® Z(K)) ~ A'(¢/m,)" © V ® #(K)).

We pair AS*'(e, /m )" with AS7'(¢/m )" as follows: fix & € A™(¢/m )",
¢ # 0, and define (w, n) by (w,n)¢ = o A7 for w € AS”({!/mC)*, ne
A (/m,)"

Next we need to define an im}er product on #Z(K). We do this as followgz
let C be the center of K and C the set of unitary charactersof C. If y e C

let
Z(K),={f e Z(K)L(O)f = y(c)f VceC).

Then
Z(K)=@QZ(K),.
7eC
Let fe #(K), and g € #'(k);; we define (, ), by setting

ify#9,

0
(3.11) (f, 8),= { f(kC)g(kC)dkC ify=6,
K/C

and extending (, ), by bilinearity. We note that the integral in (3.11) is well
defined since fg is C-invariant and K/C is compact; also, dkC has been
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chosen to be normalized so that [, dkC = 1. Itis obvious from the definition
that, if f, g, h € #(K), then

(3.12) (f, gh),= (&S, h),

We can now define a pairing between Cs+i(V®}? (K)) and CS'i(V®/7 (K))
by setting
(3.13) (el f,neveg)=(w, niv)(/, &),

The duality transformation © is given by pushing down to cohomology this
pairing; thus, to prove the lemma, it is enough to check that the following
diagram is commutative:

Atem)yevezK)eF “L (A(ym) oVeZ(K)eF)
et lueTy”
A em) eV e F e Z(K) “b (AST(t/m) @ V& F 2 Z(K))
That is, we must prove that
(@ART(?®f), N0V TH(x®g8)=(weiey® f,18URX®g),

we A e/m), neASe/m), AeVY, veV, yeF', xeF,and

f,eeZ(K).
To do this, let {x,, ..., x,} be a basis of F, ' ..., x"} its dual basis,

and take {X',..., X"} as a basis of F" so that we can use {xy5...,x,} as
its dual basis. Let
[e; (] =[x'(k"'x)), [e,(0] = Ix(k™' X)), kek.

1

Note that c"',.j(k) = E}.i(k"l) so that

(3.14) Y&, lkye, (k) =4,
We are now ready to compute
(@8I Tp (X ® f), 10V ® Th(x; ® 8))

= (w@l@Eé,if@)f', n®v®chjg®xt> (by (3.7))
= (@, MAW) Y (@S ¢,;8), (by (3.13))

r

= (@, N)A() (Z &%, f g) (by (3.12))
r 2

= (w, MA(v)d;;(f, &), (by (3.14))
= (@8AeX 8 f,1eVex;®g). O
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3.15 Corollary. Let F,V be asin 3.10. Let ¢ be a t,-invariant Hermitian
form on F and suppose there is a t-invariant Hermitian form y on V. Then
the following diagram is commutative:

FoTS* () (98T () (FoTS™ (1)
17, } \ry
r‘g+i(V®F) l"g“ﬂgw)v (I"s_"(V®F))V

Proof. Consider the diagram expanded as follows:
17, , 1Ty lry
rsHwver) T CIYyY oY) & (v e F)Y
The first square is commutative by the naturality of 7_, the second by
3.10. O

4. TRANSLATION FUNCTORS

In this section we study the so-called translation functors and their relation-
with the Zuckerman functors. We turn our attention to highest weight modules
and study how invariant forms behave under translation.

If Aeb® let M(A) = M(b,A) and L(A) = L(b, A). Fix u,A € b" and
w € # with u a A*-dominant integral. Let F = L(u) (the finite-dimensional
irreducible g-module of highest weight u ).

Suppose M is a g-module satisfying (2.3). We define

¥, "4(M) = P, (F ® P,(M)).

The W/**#(-) are the Jantzen-Zuckerman translation functors.
Let M € &/ (g, m.) be of finite length. Then M satisfies (2.3) and (2.4).
Using these facts and 3.9, it is easy to show that

T'(P(M)) = P(T'(M)), i€N,iep".
Suppose now that u is purely imaginary and let ¢ be a € -invariant Hermi-
tian form on F . We have the following.

4.1 Proposition. If M € &/ (g, m) is of finite length then there is a natural
isomorphism _ _
T, T'(¥™ (M) — WM (T (M)

wp
such that, if there is a t,-invariant Hermitian form w on M, then the diagram
7., i1y,

1—-S+i(q,j+w,u(M)) I‘YH(L@}W)V (l-S—i(q,j:+w,u(M)))v

Is commutative.
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Proof. T, u is defined by restricting T} to

P

Adwp

(C'(P(M) ® F)) = T' (¥} ""*(M)).

The second statement follows from 3.15. O

For the rest of this section we assume that g, is a compact real form of g,
ie, 0 =1 and ¢ =g,.

If A € b" is purely imaginary we normalize (, ) A Oon M(A) by setting
(1®1,1®1), = 1. With our assumption it also follows that (, ) u is positive
definite on F. If w € & is fixed, let P = wA" and I, ={A € h’|A purely
imaginary and (A+ p, a) >0 Va € P}.

The following is the simplest form of the translation principle (see [10, 18 or
12]).

4.2 Theorem. If A € Fp then

(i) qfﬁjﬁ*“’”(M(A)) ~ MA+wp).

(ii) WATATH(L(A)) = L(A + wp).
From now on we let ¥,  denote ‘I’ﬁiﬁ“"“. The form (, )=(, ), ®(, ),
is clearly g,-invariant so

G D aranser,, ona) = €0 Davupe

Our aim is to prove that ¢ > 0. This requires some preparation.

Let {u,,...,u,;} be the weights of F counting multiplicities and assume
that they are labeled in such a way that 4, < u, ,. Fix {f,..., f;} asan
orthogonal basis of F so that f; € F, and let i, be the index such that

W, =wp.
4.3 Lemma. Let A€T, and ue ¥, ,(M(A))y,,,, ##0. Then

u=c(1®1®f,)+) (m®f),

1>1

where m; € M(A) and ¢, #0.

Atwu—u;

Proof. u = Z;il(m,. ® f;), where m; € M(A)Mwu_#i.
index such that m; #0.If X€n then X-u=0, so

Let j be the smallest

0=X-m@f+Y meaf, meMA).

i>j
Hence, X-mj =0 foreach x en.
This implies that

Atwp—u +p=tA+p), te¥? .
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Now wu —p; = Q, where Q is a sum of P-positive roots, so
tA+p)=A+Q+p or (A+p)—t(A+p)=-0.

Since A € I'p, this implies that Q =0, t=1, and wp=p;. O

For each o € A™ choose X,€9, and Y € g, suchthat [X ,Y ]=H
Let {H;} be an orthogonal basis of h. Set

D=2)"Y X

a€A”

andlet C=D+2H,+ 3} H,.2 be the Casimir element for g.
Let §, =wu, &, ..., éq be the distinct weights of F and let ¢,(A + p) =

A+ p+&[* = 1" = 25, p1e (C) . Note that

Bo(A+p) — b, (A+p)=2(A+p, & &) + &) — 1&I°

is a polynomial of degree onein A+ p.
It is a well-known fact that the infinitesimal characters occurring in M(A)QF
are of the type x,, p4E > hence, since A € I',, the projection

Priwurpyr MA)QF -y, (M(A))
is given by
q
(c—¢,(A+p))
4.4 P = =1 .
“9 Aruwts =TI (6o(A+ 9) = 8(A + )
If A" ={a,,....,0,} and T e N*, I =(i,...,0,),set Y/ =% Y},

U =%%,i,and () =%7_ ia;.

4.5 Lemma. For each j<gq

J
[Tic-¢a+mieief,) Z Y G A+p(Y ene

i=1 I A= (D)+u=A+wp

with deg(c; ;) +|I| < j. Moreover,

j
Cigj = H(%
i=1

with degp < j.

Proof. The proof is by induction on j. For j = 0 the result is obvious. Assume
that it is true for j > 0.
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41
[[€-o,,A+p)((10 D) 1)

i=1

j
=(C-¢;,,(A+p)) (H(C -, A+p)((1e])® f,~0))

i=1

=2 GaA+ 0 = 8palA ey (Ao @lef)
+D- Zc,,,A+p><< 2 1)® /).

Since deg(¢, — ¢ i +1) = 1, the induction hypothesis implies

deg((d)o - ¢j+1) J.i, 1) + Ill < J + L.
Furthermore, observe that

X, (Yol =cA+plol)+Y c,A+p(¥ o1
J

with degc, +|J| < |I|, and that

e =Y cj(rep)(r o)
J#0
with degc), +|J| < 1|+ 1.
These facts together with the induction hypothesis give the first part of the
statement.
Moreover,

deg(c ¢ii.1% )=deg'cj’i’,+degc0§j,
)
cio,j+l=(¢o ¢J+|)C, J+p

with degp’ < j. The induction hypothesis now implies the result for j+1. O

Set w(A) = [[L(C-¢,A+p)(1®1)® fio)' By (3.4) we have that
w(A)eY, ﬂ(M (A)) From Theorem 3.2 we see that

Awu *

\Pwu(M(A))AHuu (M( ))A+wﬂ ’
so w(A) € ¥, ,(M(A)),

A+wp *
Let v = wp; then, since A € I',, there exists ¢ > 0 such that, for each
t > —-¢, A+tv € T',. Fix one such ¢ and, for each ¢ € (—¢, +00), set

w(t) = w(A+tv), io(t) =¢.q (A +tv + p) and, for each ¢ > —¢ such that
¢, () #0,set u(t) = o(t)/c; (1) .

We are about to prove the main lemma of this section. Before stating it we
need to clarify some terminology.
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Suppose 4 C (—¢, +o0) and, for each t € 4, let

v(i)=Y a, ()Y ®1®fe MA+tw)oF.
il
We say that v(f) can be continuously extended to (—¢, +o00) if there are
continuous extensions of the ¢;;’sto (—¢&, +00).
If ¢, € (—¢, +o00) we define

limv(t) = Ehmc (Y 1) f)

1=,

whenever the R.H.S. makes sense.

4.6 Lemma. u(t) can be extended continuously to (—¢, +o0o). This extension
is unique and it defines a nonzero element of ¥, (M(A+tv))y ..., JOr each
te(—¢,+00).

Proof. First we need to assemble some facts:
(1) deg ¢, =4- In particular, ¢, is not identically zero: by 4.5

q
) =[[(@o(A + 1v) — $,(A +tv)) + p(2)
i=1

with degp < ¢,

q
[1(@o(A +tv) - $(A + 1))

i=1

q
IIuA+p+w &—&)+1&)7 - 16

2v, & - &N +p,(1) with degp, < g.

I
ze T

I
—

(2) If v=zi,,ai,,(Y ®1)®f,e M(A+tv)®F and X € U(g) then

X-v=>"f ,a ;.0 enef,
JjsJ

where the f] ;s are polynomials in a; , and ¢. This is obvious.
Because of (1), in order to prove the lemma, we have to show that limt_’,0 u(t)

exists and is nonzero for each ¢, € (—¢, +00).
Without loss of generality, we can assume 7, =0.

wt)=c, (N8N8 f)+ Y ¢ (O @& f,
i,1#0
Let

¢, (1) =17, (1), 7,(0) #0,
¢ (=171 0, v, ,0)#0.
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Let M = min(po,p,.,,). We claim that M = p,,.
Indeed, w(t) € ¥, (M(A+tV))} 0, » 50, fOr €ach ¢t #0,
-M
() € ¥, (MA+ )} i
(2) implies that, if X € U(g),

X -lim M) = lim X - Mo(t).

Hence, 0 # lim,_ 1 " w(1) € ¥,,,(M(A)},,, - If M <p,

A+wp *
imt o)=Y ,(Yene .
=0 =
i#iy
This is not possible because of 4.3, so M = p,. Set
. w(t) . R I(t) I
u(0) =lim —= =lim(1e )@ f, + Y " Ll(Y 91)8 f).
©) (=0 cio(t) z—.o( ) f’o 5;0 yl.o(t) (( )@ /)
Since p; ; > p,, we see that u(0) is well defined and nonzero.
(2), as above, implies #(0) € Tw”(M(A))R+w” . o

4.7 Theorem. Let d(t) = (u(t), u(t)). Then 6(0) > 0.
Proof. (1) d(t) € R: this is obvious.
(2) 6(¢) #0. Suppose d(¢t) =0. 4.2 implies that
Y (MA+ )~ MA+tv+wp)
and, by 4.6, u(t) is a highest weight vector for ¥ WM (A+tv)). Hence,

u(t) € (¥, (M(A+mw)",

but
u(t) € ¥, (M(A + w));

SO

u() € (M(A+w)®F), )"
whenever 2, # Xp,uuspiry - Hence, u(t) € (M(A)® F)*, but (u(t), (18 1)®
fio> =1+#0. This gives a contradiction.

(3) 6(0)>0:

¢, ,C.
=1+ > L y'e1, v e1),,,.
957 I
By the definition of (, ),,, and 4.6, 6(¢) is continuous and, by (2), nonzero
for t > 0. By (1) in the proof of Lemma 4.6, deg|c,.0|2 = 2q and, by 4.5 (and
[9, Lemma 6]), if I+ J #0,
dege, 2, ,(Y @1, Y ®1),,,
< 2q - |I| - |J|+ min(|I|, |J]) < 2g.

This implies lim 6(t) = 1. Hence, by (2), d(t) >0 foreach t >0. 0O

t—+00
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For later use we put the statment of Theorem 4.7 in terms of diagrams:

4.8 Corollary. Suppose that V € € (g, m) is a quotient of M(A) and m:
‘Pw”(V) — V, is an isomorphism. Let y (resp. y,) be a g-invariant form on
V' (resp. V|) which is positive definite on the highest weight space of V (resp.
V) ). Then there exists ¢, a positive definite form on F, such that the following
diagram is commutative:

74
. v
Tm lmv
v, (1) 2w, )

Proof. Let m: M(A) — V be the projection and v(A) = (7 ® id)(u(0)).

w,(m(v(A)), m(v(A))) is positive so, by 4.7, there exists ¢ € R, ¢ > 0,
such that m" oy om=c(,)". y(n(1®1), n(1® 1)) is positive so there is
¢, €R, ¢, >0, such that ¥ = (, ),; hence, ¢ =c/c,(, )ﬂ will do. O

5. A CRITERION FOR UNITARITY

In this section we prove, under very strong hypotheses on V' = L(q, A), a
criterion for the irreducibility and unitarity of I (V) for a certain index i.

We keep the basic notation of the previous section.

Our basic assumption on q is that [u., u, ]=0.

Let A € b* be purely imaginary such that (A, a) = 0 for each a € A(m).
In this case F(A) is one dimensional. Let M(A) = M(q,A) and L(A) =
L(q,A).If et is A+(mc)-dominant integral, then we set M_.(4) = M (q,, 4)
and L.(A)=L.(q,.,4).

We assume
(5.1 (5 Al Lay< is positive definite.
(5.1) implies
(5.2) L(A) = L(A)* @ u_ L(A).
If
(5.3) LA =@ H(,)
i

as an m_-module, then (5.1) also implies
(5.4) LA =Y,
i

with V, = U(¢) - H(4;) =~ L (4;) . Moreover, the direct sums in (5.2), (5.3), and

i

(5.4) are orthogonal with respect to (, ), .

Let m: M(A) — L(A) be the canonical projection and set 1, = #(1®1); in
particular, n(g®1)=g-1,.

Let p: L(A) — L(A)" be the projection corresponding to the decomposition
(5.2).
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Let symm: S(u, ) — U(u,) be the symmetrization map.
5.5 Lemma. As an m_-module

L(A)* = p(n(symm(S(u,)) ® 1)).

Proof. As an m_-module, M(A) = U(u")® 1. So, by PBW.,, M(A) =
(symm(S(u,)) ®u, U(u ))® 1. Hence

If X €S(u,) and v € L(A)* set X xv = P(symm(x)-v).

5.6 Lemma. x defines an S(u, )-module structure on L(A)* .

Proof. Let X, Y € S(u,) and v € L(A)* . We have to prove that (XY)*v =
X * (Y xv). Clearly we can assume Y € u, so symm(Y)=1Y. By (5.2)

Y- v=Yxv+w, weu, L(A),

so symm(X)-Y -v = symm(X)(Y *v) + symm(X)w . Since [u, ,u ]=0 we
have that symm(X)w € u, L(A), so

P(symm(X) .Y -v) = P(symm(X):Y xv)) = X * (Y xv).
Since [u, ,u, ] Cu, it follows that
symm(X)-Y = symm(XY) mod(u, U(u™)). O

Set £/ = {4 € t*|’1 is a A+(mc)-dominant integral and H(A) occurs in
L(A)*} and & ={Ae #|i+p, is A” (¢)-regular and integral}.

Foreach 4 € & let w(4) be the unique element of %, such that w(4)(A+p,)
is A*(¢)-dominant.

Let [, = min{/(w(4))|A € £’} and set

Z = {Ae Z(wA) =1}
Let #=S(U,)™™ and T=S-1,.

5.7 Theorem. Suppose there is a iy € £ such that

(i) foreach A€ %, w(A)(A—4,) is A*(¢)-dominant,
(ii) if u, is a highest vector for H(2,) in L(A)" then, for each 1 € £, and
u, € L(A)", there exists v, € P such that v, xuy=u,.

Then I"S_T(L(A)) is irreducible and unitarizable.
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Proof. From the decomposition in (5.4) one sees that
LA=PV®),
leA
where V() is isormorphic to the sum of m(4) copies of L (4).
It follows from Corollaries 3.2 and 3.5 that -

r*Ln) = @ruww)

€%,
and I'SH(V(/I)) is a sum of m(A) copies of L (w(A)(A+ p,) - p.). We note
that (ii) implies that m(4;) = 1.
We claim that the e-type T°*7 (V(4,)) = L (w(4,)(4, + p,) — p,) is cyclic in

(L)) .
To prove this, let u,, ..., Upia) be an orthogonal basis of V(1)" and let
Vs oo Vi) be the elements in &% such that v, xu, =u,. Let V, = U(t)-u,; ~

L,(4); thus,
viy= @ V¥ ad TFray= @ T

i
i=1,..,m(4) i=1,..,m(4)

Since v; € & and [u,,u ] = 0, symm(v;) is an extremal vector for a
finite-dimensional irreducible &-submodule F; of U(g). (Here the action is
ad.) From (i) it follows that the highest weight of F; is u = w(4y)(A — 4;).
Let w = w(/lo)_1 and let m: F;® V(4,) — L(A) be the multiplication map
(see (3.8)).

Since 4, + p, is regular and V(4,) =~ L,(4,), it follows from (i), as in the
discussion after Lemma 4.5, that

(58) Py, (symm(v) @ uq) € (Py, , (F;® V(i)™ = (¥,,,(V (i)

Since the action of Z(¢) preserves the decomposition (5.2), it follows that

P°P1+pc =Pl+pc°P on L(A), so

moP

Hp(symm(v,.) ®u,) =P

A+p,
= P(PHpc(symm(vi) “Uy))

= P/I+pc

= P}.+pc

The second equality follows from (5.8). In light of 4.2 this implies that m
defines an isomorphism

(symm(v,) - )

(P(symm(v,) - u,))

(v, *uy) = u,.

m: ¥, V(i) -V,

i
SO

T (m): T (¥, (V(2,) - T (1)

are isomorphisms.
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Let Tw# be as in 4.1. Then, by 3.9,

m=T"T(m)o T, ¥, (O (V(4) =T (%)

wy

are both isomorphisms. This proves our assertion.

Suppose now that M C I'S'T(L(A)) is a proper submodule. Then, by
cyclicity, l"g_T(V(AO)) N M = {0}. Since I‘“T(( » )o) is a nondegenerate g, -
invariant pairing between I°~"(L(A)) and T°*"(L(A)) , and since I°~7 (V' (4,))
occurs with multiplicity one, I°*7(V(4)) € M* € T°*T(L(A)). Therefore
M+ =T*T(L(A)). Hence M = {0}.

We have proven that l"g'T(L(A)) is irreducible. Obviously, the same proof
gives the irreducibility of T*7(L(A)).

Since m(4,) =1, U(g)', the centralizer of ¢ in U(g), acts on V(4,) bya

scalar.
Theorem 3.9 implies that U(g)" acts on T°*7(V(4,)) and T°77(¥(4,)) by

the same scalar (see [3]). Hence l"g+T(V(/10)) and l"g_T(V(/lo)) are isomorphic
as U (g)’-modules.

Corollary 3.5 says that I°*"(L(A)) and T°~7(L(A)) are isomorphic as &-
modules, hence, a well-known result of Harish-Chandra [5] implies that there
is a g-isomorphism

Z: T T(L(A) - T (L(A)).
The map
()0 o2 TTTLMA) - 1LY

defines a nondegenerate g -invariant sesquilinear form on I‘S“T(L(A)) that we
denote by (, ).

We can choose % so that (, )r 1s Hermitian. This is true, for example,
because m(4,) =1 and T°"7(L(A)) is irreducible.

Recall that our basis of ¥ (4)" is orthogonal with respect to ( , ) A- Itisap-
parent from the explicit formula defining l"S+T(( , )) (see the proof of 1.2.10)
that, if i #j,

7))

=0.
)<=

We observe that

g ) ).

In fact, since & is a g-map, the following diagram is commutative:

) = )
Tm Tm
¥, TV 22w, (V)
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Hence,

_ -T
g’ mo(l@f)( (rs (V(3)))
+T +T
(T =)
It follows that the decomposition
-T -T
rrovm= @
i=1,..,m(A)

is orthogonal with respect to (, ).

We now want to compute the signature of (, )p:(, ) LA™ is positive
definite so Corollary 4.8 implies that there is a positive definite form ¢, on F,
such that the following diagram is commutative:

Tm Im”
@@, )"
¥, (V) T, (v ()
Hence, the rear top square of the following prism is commutative:

+T, . v
DT (W (V) B 15Ty (1))

oY

T -
7w, T,,— I (1) m’ | Tuu

\ ; Y Y ~ Y
" Vo u T T (V) — 2 LNy 05T (v (3))

)
0
The sides and the front are also commutative because of 3.9 and 4.1, thus
the bottom square is also commutative. Thus the commutative diagram (5.9)
implies that
vy S ) L T
Tm m im
+T
¥, (DTG 25w, (T T (V(3,) oo ¥, (T
is commutative. That is,
rsT) L )Y
Tm ImY
¥, (TG P @, T o))"
wH 0 wy 0
is commutative.
Since ¢, is positive definite, (, )l—ll-s-r(l/i)xl-\s—r(l/’) has the same sign as

(, )I"ll‘g‘T(V(Ao))xl"g'T(V(/lo))
Hence, (, ). is definite. Therefore I°~T(L(A)) is unitarizable. O

6. HERMITIAN SYMMETRIC PAIRS

In this section we prove some structural lemmas that allow us to describe the
structure of L(A)" as m_-module in the case where both p and u are abelian;
that is, when both (g, ¢) and (g, m) are Hermitian symmetric pairs.
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Let g be a complex reductive Lie algebra such that [g, g] is simple. Fix g,
as a compact real form of g. Let t, be a maximal abelian subalgebra of g,
and set t = (ty)c .

Fix H,, H, € it; linearly independent vectors such that the eigenvalues of
ad(H,) are contained in {-1,0, 1}.

Let

© = exp(niad(H)), O, = exp(niad(H,)).

Let t be the conjugation in g with respect to g, and set
1
go={X€glX =0o01(X)}, gy={X€glX =06 01X}

We observe that (gé)C = (gy)c = 8. © and O, define Cartan decompositions
on g, and g(l):
8=t ® Py 9<1)=E<1)€9ptl)'
Let g =m @ u be the parabolic subalgebra associated to H,, i.e.,

A(m) ={B €Ag)lB(H,) =0},  A(u)={B €A(g)lB(H,)=1}.

The definitions imply that (g)), = m and (p))c = u~ ®u. It is also clear that
q and m are O-stable and that u is abelian.

If o is a complex reductive Lie algebra we let rank () denote the rank of
v. If o, is a real reductive Lie algebra, let rankg(d,) denote the real rank of
0,. If r= rankR(g(l)) , then to each positive system A™ C A compatible with g
is associated an ordered set y, < --- <y, of strongly orthogonal roots in A(u)
having the following properties:

(1) 28970 ¢ (0.1, 2} for each a € Aw) and, if 22272 — 2 then
(y,' s y,‘) yi s yi)
a=7y,.
(6.1) (2) 2 (@, 7,) € {-1,0, 1} for each a € A(m). Moreover, if « € A" (m)
(i %)
and 2M =1, then there is j < i such that ZM = -
(i 7)) (i 7))
(see [7, 8, or 15]).
6.2 Lemma. Let s <r and {y,...,7,} € A(u) be a set of strongly orthog-
onal roots satisfying property (6.1(1)). Then there is a positive system A" c A
compatible with q such that, if {n,,...,n,} are the strongly orthogonal roots

associated with A", theny, =n,, 1 <i<s.

Proof. Set h; = H, /(v;,7;) and H, = H, — E;: hj, 1 <i<s+1. Suppose
that ) ¢4, =0; then

i>1

(Se)m-Ta(Sh)
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Thus, by the linear independence of the 4,’s, we have that )¢, = 0 implies
that ¢, =0 for each i. If ) c, # 0 then we can write H, = ch'.hi. It follows
that 1=y,(H,)=c,; hence, H = Y h,.

Set .

B = { {H}icio;, fH =3 h,
{Hi}1§i$s+l otherwise.

The discussion above shows that B~ is an ordered basis of t = span({H,})
C ity. Let t* = ()" C it, and let B* be any ordered basis of t". If we
set H' > H™ foreach H € B*,and H € B~ , then B=B " UB™ isan
ordered basis of it,. We order (ito)* lexicographically according to the choice
of B and let A" be the corresponding set of positive roots in A.

Since a(H,) = 1 for each a € A(u), it follows that A(u) C A". Recall
that the strongly orthogonal roots {7,, ..., n,} are constructed inductively as
follows: 7, is the lowest element of A(u) and 7, is the lowest element of

{a € AW)|(e, n)) =0, j<i}.

By property (6.1(1)), if a € A(u), then o(H,) = 1 and o(H,) > 0. More-
over, a(H,) =0 if and only if a =y, thus y, = 7,.

If i > 1 assume by induction that Y= for j < i. Suppose first that
H # X h orif H =3 h, that i <s. If B € {a € AQ)l(a,7,) =0,
Jj <} then, by property (6.1(1)), B(H,) =1 foreach j <i and B(H,,)>0.
Moreover, B(H,,,) =0 if and only if g =7,, hence y, =17,.

If i=sand H =3 h;, then B € {a € A(u)|(a, 7;) =0, j < s} if and
only if B(H,) = B(h;) = 1; therefore, by (6.1(1)), =7, and y,=n,. O

The next result is due to Schmid [11].

6.3 Proposition. Suppose that a positive system A* C A compatible with q has
been fixed and let {y;},_, i be the corresponding set of strongly orthogonal
roots. Then the highest weights of S(u”) as an m-module are precisely those
of the form -3 my,, m > --->m, >0, m; € N, each occurring with
multiplicity one.

Let v, € S(u”)™™" be an element of weight u, = Ej’:l y;. 6.3 implies that

S)™™ =Clv, ..., v,].
In [15], foreach i =1, ..., r asubalgebra g, C g is constructed having the
property that
(6.4) v, €S(u Ng), Jj<i,
and
(6.4) rankg (g, N gy) = i.

We remark that both v, and g, depend on the choice of A
Let A be the element of t" corresponding to H, via (, ). Let n be a long

~

rootin A andset A, = %(n, n)A . The following result was first proved in [15].
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6.6 Theorem. There is a constant C = C (g(l,), depending only on g(l,, such
that L(—-zA,) is unitarizable with respect to g(l, ifand only if z = CR, R =
0,1,...,r=1,0r z>C(r-1), z€eR. Also,
L(-zA) = M(-zA|) ifz>C(R-1).

If A=-CRA,, R=0,1,...,r—1,then v;-1, =0 in L(A) for i >R.

We will be studying the Zuckerman functors of L(A) for A = —CRA_,
R=0,1,...,r-1.

Let (, ), bethe g(l)-invariant inner product on L(A). It is shown in [5] that
the positivity of (, ), implies that L(A) satisfies condition (5.1). In order

to implement Theorem 5.7 we need to know the structure of L(A)% as an
m_-module. The study of such a structure requires some preparation.

Let [, = goﬂg(l, and [ = ()¢ - 8|[0 defines a Cartan involution on [, giving
the decomposition
lo = &) ® p(ly).
One checks that

(t(1)e =m, and (p(ly))e =1, Su,.

In analogy with g('), we have that p = p* @ p~, where A(pT) = {B €
Ag)|B(Hy) = +1},  A(¥) = {B € A(g)|B(H,) = 0}.

Let u,, =unp’ andu, =unp .

Since m, = ENm, it is obvious that [m_, (] C ¢, [m,, p'1Cp®, [m,,p7]C
p ,and [m_, u] Cu. This implies that as an m_-module,

u=u, @uc ® U
From now on we fix a positive system A" (m,) C A(m_). Let n = rank.(g)

and {¢;},_, , beabasisof t, with ¢, = H and ¢, = H,. Assume also that,

if A" is the corresponding positive system, then A*(m ) C A*. Let A* be the
positive system obtained by substituting —H, with H| in the definition of ¢, .
Clearly both systems are compatible with q. Set m: =D neat (m,) Meq -

6.7 Lemma. As m_-modules, u,, and u,, are irreducible.

Proof. We need to show that dim((um)m:) =1,i=1,2. Let X; € (unl)"‘:
and 7 € A+(mn); then (B +n)(Hy)) =2, thus B +n ¢ A. This implies that
[X,, X,]=0, hence X, € u™™".

Since u is irreducible ([g, g] is simple), we have that

dim((u™ ) = dim(u™™) = 1,

as we wished to show. The proof for u , is completely analogous if we use
A*(m,) instead of A*(m ). O
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Let
L=u, &u,,u,]ou,.
It is easy to check using the Jacobi identity that £ is an ideal of [. Since [
is reductive we have that [ = £ (° , where (° is an ideal of I contained in m .
We can decompose [ further: let

1 - -
L= Ui ® [unl ’ 11”1]@11”1 ’

2 _ _
L= ur12 ® [unZ ’ un2] ® unZ'

Since [u,,, u,,] =[u,,,u,,] =0 we see that (', % are ideals in [ and

(=l'elel
Lemma 6.7 implies that the pairs ([i, m. N Ii), i = 1,2, are irreducible
hermitian pairs. We observe that A™(l) = A™(I) = A™(m) UA(u,). If r, =
rankR([' Niy), let y;; <---y, be the strongly orthogonal roots associated to
A1) in Au,,).
Observe that A(u,,) and A(u,,) are mutually strongly orthogonal roots; thus,
{7; j} is a set of strongly orthogonal roots. In particular, r, +r, <r.

6.8 Lemma. Theset {y;},_) 5., <, Satisfies (6.1(1)).

s />

Proof. We note that, with respect to A™, if a € Au,), B €A(u,), and y €
A(u,,), then a > B > y. Therefore, if y, < --- <y, are the corresponding
strongly orthogonal roots, we have that, by construction, y, =7,,, 1 <i<r,.
this implies that {y, j} satisfies (6.1(1)).

Analogously, we see that, if 7 < ... <7, are the strongly orthogonal roots
associated to A™, then J.=y,, 1<i<r. O

The obvious generalization of Proposition 6.3 applied to [ implies that S(u, )
is multiplicity free as an m _-module and the highest weights (w.r.t. A+(mc))
are precisely those of the form:

,u=—Zaijyij, a,2--2a,20,4a;eN,i=1,2
Moreover, if v, is the element of S(u;)"‘: of weight u,; = /_ 7, then
(6.9) P=Cl,), i=1,2,j=1,..,r,
If MeN'xN?, M=(m,,..., My, My s ,mZ,Z),let

M 1

vo= Hvi’;’ and u(M)= Zmij“ij'
i,j i,j

By Lemma 5.5 we have that (L(A)*)™ = % « 1,.

Since u(M) is the weight of v™ in S(u, ), then the weight of oM %1 A IS

AM) = A+ u(M).
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If A(M)+ p, is A(€)-regular we set
w(M)=wAM)) e,

c
and
A™(M) = {B € A(u)|(A(M) + p,, B) > O}.

For each i =1, 2 define j,(M) to be the last index such that m,; # 0 and
set (M) = j (M) + j,(M). To M we also attach a positive system P(M) as
follows: we write u(M) =3, ;a,7,; and fix a total order < on the y,; such
that
(1) ifa;>ay,, theny, <y,

6.10
( ) (2) if1<h<k<j(M), theny, <y,, i=1,2.

Such an order clearly exists since a,, <a; if h>k.
Let {y,,..., T, +r2} be the set {7, j} reordered according to < (i.e., 7, < Y;

iff i<j). Set h,, H, t, t ,and B™ as in the proof of 6.2. Set
Ay ={a € Aloy- =0}

Clearly A, is a root system. The choice of an ordered basis B™ of t
determines a positive system A; C A,. We choose B* so that AjnA¥(m_) C
Ag . Let B=B"UB™ be the ordered basis of ity defined as in 6.2. Let P(M)
be the positive system corresponding to this choice of B. The positive system
P(M) and the ordered set {;} satisfy the following properties.

6.11 Lemma. (1) A"(m,) C P(M).
2) If {n,, ..., n} are the strongly orthogonal roots associated to P(M),
then y,=n,, 1<i<r >r,.

(3) pM) = - aln = -2y, a2 28>0, g;€N.
Proof. (2) follows immediately from the definition of P(M) and Lemmas 6.8
and 6.2.

(3) follows from (2) and the definitions of (M) and {7;}.

It remains only to prove (1). Let a € A(m,); if a- = 0, then a € Ay N
A*(m,) C Ay C A", so suppose that - # 0. This implies that (a, 7,;) # 0
for some i, j. By (6.1(2)), there is 1 < A < r; such that (a,y,,) < 0 and
(a, 74) =0 for k <h.

Since (7, ij) =0 if i # j, it follows from (6.1(2)) that there is 1 < s <
ry +r, such that (a,y) < 0 and (a a,y;) =0 for j < s, thus o(H,,)

—(a, 7,)/(v;, 7,) >0 and o(H;) =0 for j <s. This implies that a € A™. O

We now come to the main result of this section.

6.12 Theorem. .# = {A(M)|I(M) < R}.

Proof. Let M € N' x N2 and set ?; < -+ <7, asthe strongly orthogonal roots
corresponding to P(M). According to Lemma 6.11, y;, € A(u,) for 1 < i <
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r,+r,,and
(M)

#(M)z_za,’yia aIZ"'Za[(M)>O-
i=1

Let n(M) = }_ . poy 8, N, and let v; and g, be as described after Propo-
sition 6.3. We have that there are positive integers 7, ..., i;,, such that

(6.13) v =Hv§‘
s

is the element of S(u')"(M ) of weight u(M). Moreover, since A # 0, we
have that i, > 0.
Write

(6.14) Su7)=Su;)eu Su”)

and v = u + w, accordingly. Let {Y |a € A(u )} be a basis of root vectors;
then

(6.15) v= Y oY’
(Iy=p(M)
Lemma 5.8 of [15] proves by an obvious induction that the coefficient of
I Yffyx is nonzero in (6.15). This implies that u # 0.

Since the decomposition (6.14) is invariant under m_, and since A+(mc) C
P(M), it follows that u € S(u])™ .

S(u,, ) is multiplicity free, thus there is ¢ € C such that
(6.16) cu=ov"

Since v = u modu, S(u" ), it follows that
(6.17) oMxl, =cuxl, =cp(v-1,).

Theorem 6.6 implies that, if (M) > R, then v -1, = 0, hence, by (6.17),
M1, =0 and A(M) ¢ 2.

If (M) <R we must show that v x 1, # 0. Let g’ = g,,,. By (6.4) and
(6.13), v € S(u” Nng); thus, by (6.16), v € S, Ng’). Let ¢ =tng and
A'l =7y, A'=A|,.

Since (, ) AU )1, XU )L, is positive definite, it follows that

Ulg)- 1,2 L(gNng , A).

The crucial observation is that

(6.18) Uig)-1,=2M(gng, A).

Suppose that (6.18) is not true. Then, by (6.5) and (6.6), there are at
most (M) values of z € [0, C(gg)R] such that L(gng', —zA}) is (g N gy)-
unitary. Since U(g')- 1_, A, is unitary whenever L(—zA,) is, there are at least




DERIVED FUNCTORS OF UNITARY HIGHEST WEIGHT MODULES 729

R+1 values of z € [0, C(gy)R] such that L(gng', —zA}) is (g’ Ngg)-unitary,
contradicting our assumption that (M) < R. This proves (6.18).
Let p': U(g')- 1, — (U(g') - 1,)"™ be the projection. By (6.18),

" 1,) #0.
Suppose that o« € A(u)\A(u,Ng), let h, = H, /(y;,7,), and H = H, -
Ji

> *)h;. Note that B(H') >0 for each B € A(u).

By the construction of g’ (see [15]) we have that a(H') >0 and B(H')=0
for each B € A(ung'). In particular, u(M)(H')=0.

Suppose now that X_ - p'(w™-1,) # 0. This implies that

MM)+a=4- Y ngB or a+uM)=- Y ngp;
BeA) BeA()
thus,
0<a(H)=(a+uM)H)== 3 nBH)<0.
BeEA(u)

This contradiction implies that X_-p'(v™ -1,) =0, hence

O;ép'(vM-lA)=vM

*IA,

as we wished to show. O

7. HERMITIAN SYMMETRIC PAIRS OF CLASSICAL TYPE

In this section we apply the results of §§5 and 6 to the case when [g, g] is
of classical type. In what follows we identify t and t* via (, ) and adopt
the standard “¢; ” notation for roots and weights. Firstly we give the two main
statements: the unexplained notation is as in §6 (see Tables 7.12 and 7.13 for
the various data in each particular case).

7.1 Lemma. Suppose that R € {0, ..., r— 1} satisfies the conditions given in
Table 7.13. Then there exist My € N" x N and i € {0, ..., R} such that

Z = {AMy) + u(M)|j (M) < i, j,(M) <R~ i}.
Furthermore, if o € A" (M,) and A(M,) + u(M) € &,, then (o, p(M)) =0.

7.2 Corollary. With the hypothesis of Lemma 7.1, set C and A, as in Table

7.12. Set V= L(—CRA,), and let T be as defined in §5. Then I'S_T(V) is
irreducible and unitary.

Proof. Let A = A(M;) + u(M) € Z. If we set u; = ™Mo« 1, and v, = o™,

then, by 5.6,
_ .M M, L My+M
VyxUy =0 xv °x1, =v *1,.

Therefore, condition (ii) of Theorem 5.7 is satisfied.
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To see that condition (i) is also satisfied we observe that, since [u,,u] =
0, then (a, ) > 0 for a € A(u,) and B € A(u,). Therefore, if o €
A(uc)\A+(M0), then (u(M),a)<0.1If a € A+(M0), then, by 7.1, (u(M), a)

This proves that condition (i) of 5.7 is satisfied. O

The preceding lemma is a simple consequence of Theorem 6.12, but it re-
quires a case-by-case calculation: we will give the details only for the type C,
case; the other two cases are very similar.

Type C,. Let the simple roots of g be given as in the Dynkin diagram:

o o
a, Qy a

o o

n—1 a,

where a,=¢ —¢&
Let

10 1 Si<n—1,and a, =2, .

and

If we let A* denote the positive system determined by ® = {og, ..., a,},
then clearly A™ is compatible with g, while m is the subalgebra corresponding
to:

o o O« o
a, Qa, a

and Aw) = {e, +2,[1< 1, j<n}.
If d=n—1t set

{ﬂi=8i, 1<i<t,
Mepi = Epoip» 1S1<d,
so that
1 & 1 ¢ 1 &
Ho=§Z'7i and Hl=§Zni—-§' ;-
i=1 i=1 i=t+1
Therefore
E: [o] O ¢ v+ — [e} s
']1_’72 ’7,,_]_’7,,
Aw)={m -1 <i<t<j<n},
m.: o O ttm— oo ° 0riim— o
n—=n, Ny =M, Mo~ My My =My

A(unl) = {’7,“"’1]'“ <i,j< t}s
Alw, ) ={-n,—njlt+1<i,j<n}.

In this setting the strongly orthogonal roots for [ are
P =My Py S2G Yy = My e Yy = 22,
hence, r, =t and r,=d.
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If MeNt'xN?,, i<t,and j>¢t, set
a;= Y, my, and b= ) m,.
r>t—i+l r>j—t

The obvious calculations imply that, if i, = t—j, (M)+1 and j, = t+,(M),
then

t jo
(7.3) wM)==3"2am+ Y 2bn;
i=iy j=t+1

and a, =my o bjo =My () - Furthermore, if 7, — n; € Alu,),

(7.4) AM)+p.,m—n)=0-i)-R=2a;+b)).
7.5 Lemma. Suppose that A(M)e Z . If n,—n; € AY (M) then
(7.6) i<iy and j>j,

If (M) = R, then the two conditions are equivalent.

Proof. We prove that, if i, j do not satisfy (7.6) then 1, —n, ¢ A™(M).

If is obvious from the definition that (j, —i,) = (M) - 1.

If A(M) €L, then, by 6.12, (M) <R.If n,—n, €Au,) and i< i, )<
Jo» then, by (7.4),

(AMM)+p,., ni—nj)=(j—i)—R—2(ai+bj) < [(M)—l—R—2(a,.+bj)<O.
Suppose now that i < i, and j < j,. We prove that n, -, ¢ A" (M) by
induction on i, —i. If i =i then
(AM)+p,, n,—n,) = (j—i)—R—ij < jO—i0+1—R—2bj = I(M)—R—ij < 0.
If i <ij, then
(l(M)+pc’ 111._1—77].)=j——i+1—R—2bj=(l(M)+pc, '7,'_77]')+l-
Since A(M)) + p, is integral, the induction hypothesis implies that
(A(M) + pc’ ’7,'_1 - ”j) S 0.

Thus, the regularity of A(M) + p, implies our claim.
A similar argument shows that , if i, <i and j > j,, then 7,—7 i ¢ AT(M).
This proves the first part of the statement. To complete the proof, assume
(M) = R. Suppose that i < i, adn j > j,, then
(AM) +p,., r]i—nj)=j—i—R2(j0—-i0)+2—R= 1>0. O
Recall that S denotes dimu .

C

7.7 Corollary. Suppose that A(M) € £ .

(i) If (M) < R then l(w(M))=S.
(i) If (M) =R then
[(w(M)) =S - (t - j,(M))(d - j,(M)).
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Proof. Assume that (M) < R. If 1, —n; € A"(M), then, by 7.5, i < i, and
J > J,. Therefore
0<(/1(M)+pc, ’7,’“’1j)=j—i_R-
Hence, j—i > R. Since [(M) < R, then j,—i,=[(M)—1< R-1. Therefore
thereis i <r < i, and j, <s <j such that s —r = R; thus,
()’(M)+pc’ ’7,-_’75) =0’
contradicting the regularity of A(M) + p,. This proves (i).
For (ii) observe that
l(w(M)) =S —|A"(M).
By 7.5,
AT(M) = {-n;— |1 < i<y, jo<j<n},
$O
AT (M)| = (ig — 1)(n — jo) = (t = j,(M))(d = j,(M)). O
Let T, =min(r,, R) and f: {0,..., T\} = Z, f(j)=(t—j)d—-(R-J)).
Corollary 7.7 implies that, if f(j) < 0 for j € {0,..., T}, then, for each

AM)eZ, (w(M)=S.
In such cases the results of [5] apply. This implies

7.8 Corollary. If R = n — 1 then, with the notation as in 7.2, T'(V) = 0,
i#S,and I"S(V) is unitarizable w.r.t. g,.
Proof. Since d +t=n, then,if j=0,...,¢,

S =@t-)@d-R+j)=0t-j)d+j-n+1)<0. O

Proof of Lemma 1.1 for Type C, . Suppose that R satisfies the conditions of
Table 7.13. Then a straightforward calculation shows that the function f has
a unique maximum i in {0, ..., 7,} and that T = f(i) > 0.

Set ry=t—-i+1, s,=t+R~-1i,and

0 {min{m€N|n—rO—R—2m<0} if i #0,
m; =

0 ifi#0,
0 {min{meleo—l—R—2m<O} ifi#R,
m., =
210 if i = R.
Set My=(m,,...,m,) with m,=m}, My, =m3, and m, =0 if j#i,

R —i. Then
t So
0 0
u(My) ==Y 2mn,+ > 2myy,

r=r, r=t+1

and one checks that A(M,) + p, is regular. Since (M) = R it follows from
6.12 that A(M,)) € £ .
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Suppose that A(M) € Z. If (M) < R, then 7.7 implies that
ly=l(wM) =8>8 -T=1w(M,)),
hence [(M) = R. Therefore, by 7.7,
ly=1lw(M)) =8 - f(j,(M));

thus, f(j,(M)) > f(i). If follows that j, (M) =i, j,(M)=R~-1i.
A straightforward calculation shows that, by 7.5, m? < m,; and mg <
M, ,_; - It follows then, that

M =M-MeN'xN?;

thus, A(M) = A+ u(M) = A+ u(My) + u(M') = A(M,) + u(M’") and, since
j (M) =1i,and j,(M)=R-i,itisclear that j(M') < i, j,(M)<R-i.
Then
t So
uMy==3 2an+ Y 2bn,
r=ry r=t+1

with @' >0, b, > 0. If n,—n, € A" (M,), then, by 7.5, r < r, and s > 5,;
hence, (u(M'), n,—n,)=0.

It remains only to prove that, if M’ satisfies the conditions above and M =
M,+ M, then A(M)e Z.

If a € A"(M,), then

(AM) + p., &) = (A(My) + p,, a) + (W(M') + p,, &) = (A(M) + p,, @) > 0.
If a € Au,)\A"(M,), then (u(M'), a) < 0; therefore,

(MM) + p,. @) = (AMy) + p,.. @)+ (M) + p,., @) < (A(My) + p, , @) < 0.

This implies that A(M) + p, is regular. Finally observe that

(M) = max((M,), (M) = R;
hence, by 6.12, A(M) € & and, since j (M) = j, (M) =i, (w(M)) =
S—fi)y=1,.
It follows that A(M) € . and the proof is complete. O

We now compute the K-spectrum and the lowest K-type of the derived
functor modules considered in Corollary 7.2.

Let w, be the longest element of 7 such that w, "a*(e) 2 A+(mc) and
set

Vsj = Wollsj) > d=1,2,j=1,...,r15

For the rest of this section we identify K-types with their highest weight.
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7.9 Theorem. The K-spectrum of I'S'T(V) is multiplicity free. Moreover, there
is A, €t and 0 <i<R such that
(i) A, is a lowest K-type for 57wy,

(ii) a K-type A occurs in I"S_T(V) if and only if
j R—i

i
A=do+d mv+Y myv,, myeN,5=1,2
j=1 j=1

Proof. We saw in §5 that
(7.10) rwvz@riwm.
ie%

Since each 4 € . occurs in V' with multiplicity one, the K-spectrum of
l"S"T(V) is multiplicity free.

It follows from (7.10), Lemma 7.1, and Corollaries 3.2 and 3.5 that a K-type
A occurs in T577(V) if and only if

7= w(My)(A(My) + p(M) + p,) = P,

Set Ay = w(M,)(A(M,) + p,) — p.. If 4 isa K-type occurring in I"S—T(V) ,

we must show that
1A +2p1 = 149 + 2p,II.

Suppose that 4 = w(My)(A(M))+u(M)+p,)—p, with j, (M) <i, j,(M) <
R—i.

Clearly (u(M),A) > 0 by the definition of A. Since u is abelian,

(M), n(My)) 2 0.
We note that

-1
a€A*(M,)

hence, by 7.1,
(M), p,+w(M) ™' p,) = (u(M), 2p(m,)) + (#(M), > a)

a€AT (M)
= (W(M), 2p(m,)) 2 0.
Therefore,
12+ 2p,]1° = llw(My) (A(My) + (M) + p,) + p,II’
= [|(A(My) + (M) + p,) +w(Mp) ' p I’
> |4y + 20,I1° + 2(u(M), A(My) + p, +w(My) ' p,)
= llAg + 20,II° + 2(u(M) , A) + 2(u(M) , u(My))
+2(u(M), p,+w(My)~'p,)

<Ay + 2%,

as we wished to show.
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TABLE 7.12
Type 9(1) C= C(G(l)) H, A
1 4 1 n+l
4, ulp,n+1-p) ! 32 t-y 2 & H
i=1 i=p+1
1 1<
C, sp(n, R) 3 52 ¢; 2H,
; l:l
D, 50" (2n) 2 EZ g H,
i=1
TABLE 7.13
Type 90 H, admissible values for R
1< 1 &
4,0) u@,n+1-49) PIUEE DI R<r +r,and,
i=1 i=t+1
1 d 1 n+1
+§Zei——Zsi if 0 < M2 dHIR o
i=p+1 i=d+1
2(t—d)—-n—1+2R
0 S 4” + S r2)
n+1—-2(t-d)+2R #2(mod4)
1< 1<
C, sp(n, R) EZsi—E g R<n-1and,
i=1 i=t+1
if ";2’* < min(t, n—1t),
n — R even
1< 1<
D, 50" (2n) EZe,. 52 & R<[%] and,

if 2528 < min(r, n-1),
2t —n+ 2R # 2(mod 4)

(")Here g=t+d—p, ry=min(t,n+1-d), and r,=min(d —p,p—1).

To complete the proof we recall that we proved that w(M)(u(M)) is A*(8)-
dominant. since [u,,u/] = 0, it follows that (u(M), ) < 0 for each a €
A(u,) ; hence, wy(u(M)) is A (¢)-dominant.

Therefore, w(M,)(u(M)) = wy(u(M)) and

i = w(Mp)(A(M) + u(M) + p,) - p,
= Fo + W(Mp) (R(M)) = Ag + wo(u(M))
Ji(M) Jo(M)
=+ Z m v, + My vy,
j=1 j=1

i R—i
= Aot DMyt Y My,

j=1 j=1
since j (M) <i and j,(M)<R-i. O
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TaBLE 7.14. Type 4, .

Notation as in Table 7.13, i/ asin 7.9.

¢: o ———o0..+ o© o O o
n=n, Ng—1— M, Nger —Ng42 My~ Mps
cases Ao
q-—i q
R . R .
d-p<p-—t Z(E")”]* . Z (3—1+2r2—d>nj
j=1 Jj=q—i+i
n+1=(R-1i) n+l
. R . R
+ z (1—-5>r]j+ E <I—E+2r,—t>nj
Jj=q+1 j=n+1=(R=i)+1
q R q+i R
d-p>p-—t Z(E_l> n+ oy <z—5—2r2+d> n;
j=1 j=q+1
n+1—(R-1i) n+1
. R . R
+.Z (1-——2—>nj+ Z (1——2-+2r]—-t)r]j
Jj=q+i+1 j=n+1—(R-i)+1
TaBLE 7.15. Type C,,.
Notation as in Table 7.13.
E: o O o
”1_”2 ’7,,_1_'1,,
cases A
n—R n
R R
—R
58 >n—-t, n—todd "Zf’h_.z <3+1>n1
J+1 i=n—R+1
"R
2R >n—t, n—teven _Zlfrlf
Jj=
_ . “n-2t
"ZRSmm(t,n-t), 2 ﬂj
j=1
n — R even and 23R even
R—i n—i
_ . n—2t n—2t
2R < min(t, n-1), ( 3 +l>nj+ Z 51
j=1 j=R—i+1
n
n — R even and 23R odd +‘Zl<n 221—1>r1j <—_-2t_;+R>
j=n—i+

7.11 Corollary. With the notation of 7.1 and 7.2, T°"T(V) is a highest weight
module if and only if i =0 or i =R.

Proof. A (g, K)-module M is a highest weight module if and only if the set
{A(H,)|A a K-type of M} is bounded above or below. Recall that CH,, is the

center of ¢.

Note that v, (Hy) = ps;(wy ' (Hy)) = pg;(Hy) = (=1)°7'j . (The last equality
follows easily from the definition of u ;.)
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TaBLE 7.16. Type D, .
Notation as in Table 7.13.

E: o O o
m-m Mpe1 =My

In this case we have that A, = 3-7_, (§ — 2i) n; with the values of i listed below.

cases i
2=2R > min(t, n - 1) R
n—22R < min(t, n— t), 21—n-;2R—1
n odd and 2=142R=1 even
n—22R < min(t ,n— t) , 2!—n-;2R+l

n odd and Z=1$2R=1 544

—2R : 2t—n+2R
2228 < min(t, n - 1), Hopeek

n even and W even

Suppose, for example, that i = 0; then
{A(H,)|A a K-type of I° 7 (V)}

= {MHy) + Y myyv (Ho) | = {AHy) = Yomy i}
which is clearly bounded above.
Finally, suppose that i # 0 and i # R. Then
{A(H,)|A a K-type of I° 7 (V)}
D {A(H,) + m,v,,(H,) + m,v,,(H))|m; € N}
= {A(H,) + m; — m,},
which is not bounded. O
Corollary 7.11 shows that most of the representations we constructed in 7.2
are not highest weight modules.
In the proof of Lemma 7.1 we gave an explicit procedure to compute M,
and thus 4, in the Type C, case. Such a procedure applies to all cases with

minor modifications: we list the result of such calculations in Tables 7.14, 7.15,
and 7.16. From our expression for A, it is also possible to compute directly

the parameter I(AO) associated to the lowest K-type of a representation by

Proposition 5.3.3 of [12]. The infinitesimal character of IS'T(L(A)) is given
by A+ p(A"), where A" is any positive system compatible with q.
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