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DERIVED FUNCTORS

OF UNITARY HIGHEST WEIGHT MODULES
AT REDUCTION POINTS

PIERLUIGI MÖSENEDER FRAJRIA

Abstract. The derived functors introduced by Zuckerman are applied to the

unitary highest weight modules of the Hermitian symmetric pairs of classical

type. The construction yields "small" unitary representations which do not have

a highest weight.

The infinitesimal character parameter of the modules we consider is such

that their derived functors are nontrivial in more than one degree; at the ex-

treme degrees where the cohomology is nonvanishing, it is possible to determine

the K-spectrum of the resulting representations completely. Using this infor-

mation it is shown that, in most cases, the derived functor modules are unitary,

irreducible, and not of highest weight type. Their infinitesimal character and

lowest K-type are also easily computed.

1. Introduction

Cohomological parabolic induction is a general algebraic method used to

construct admissible representations of a real reductive group G from repre-

sentations of a subgroup L of G. This type of induction was first introduced

by Zuckerman in 1977 in unpublished lectures given at The Institute of Ad-

vanced Study. The main ingredients in the Zuckerman construction are what

are now called the Zuckerman functors Y'. Using these functors he constructed

representations Aq(A) that he conjectured to be unitarizable.

Vogan [14] has proven a stronger result that implies Zuckerman's conjecture:

he showed that if a unitarizable (I, LnK)-module has infinitesimal character in

an appropriate Weyl chamber, then the cohomological induced (0, K)-module

is unitarizable. This result relies on a general vanishing theorem for the Y' :

there is a distinguished index S, the so-called middle dimension, such that, if

V satisfies the hypothesis of Vogan's theorem, then r'(V) = 0 if 1' ± S.

In this paper we construct some particular representations in a situation

where the type of vanishing described above is no longer present. To describe

these results we need some notation: let G be the universal covering group

of a simple group that admits unitary highest weight modules. Let K1 be a

subgroup covering a maximal compact subgroup.   It is shown in [4] that to
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each unitary representations of K we can associate a one-parameter family

of unitary highest weight representation that can be described by the following

diagram:

irreducible generalized Verma modules reduction points

We study the Zuckerman functors at the reduction points of the family asso-

ciated to the trivial representation of K . More precisely, we analyze the case

when the Lie algebras of G and G1 are real forms of the same complex Lie

algebra and, moreover, they both correspond to Hermitian symmetric pairs of

classical type. In such a situation, we show that, if V denotes the irreducible

(g, K )-module corresponding to a reduction point, then there is an index /,

that depends on V, such that r'(V) is computable. Moreover, we prove that

the resulting (g, K)-module is irreducible and unitary at least for every other

reduction point. In many "good" cases, however, we actually have this result

for all the reduction points. The precise statements are given in §7 (Corollary

7.2). The index mentioned above is what we call the "extreme dimension", that

is, the first index such that the cohomology is nonvanishing. We can also deter-

mine the K-spectrum of Y1 (V) explicitly: it is mulitplicity free and the K-types

form a cone in a lattice of rank less or equal to the real rank of both G and

G . In particular, the lowest K-type of our representations is easily computed

(Theorem 7.9).

To this moment the only known classifications of unitary representations for

large rank groups are those for GL(«, K) (K - E, C, H) [ 13] and for complex

classical Lie groups [1]. In both cases all the unitary representations are obtained

via induction or complementary series starting from basic building blocks which

have small infinitesimal character and large annihilators. Our method gives a

way to construct new representations with those characteristics starting from

known ones (namely the unitary highest weight modules), in fact most of the

modules we obtain do not have a highest weight (Corollary 7.11). This suggests

that our representations could play a role in classification theories for the groups

we consider similar to those cited above. They should also fit in Howe's theory

of dual pairs.

There are two main steps in the proof of our results: first we give an ab-

stract criterion for irreducibility and unitarity of the derived functors of certain

representations (Theorem 5.7): we look at a highest weight module M that

is completely reducible as a K-module. Let =2^ be the set of the irreducible

representations of K occurring in M that contribute to the extreme dimension

cohomology. We show that, if the infinitesimal characters of the elements of

¿2?0 are all in the same Weyl chamber and there is an element that is cyclic in Jz^

then the extreme dimension derived functor of M is irreducible and unitary.

We then give a complete description of the ê-structure of a unitary highest

weight module for the Hermitian symmetric pair (g, K ) (Theorem 6.12). This
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allows us to apply our criterion to that case. Some case-by-case computations

are needed; we give full details for type Cn only: the other cases can be handled

in a fairly similar way.

In §§2 to 4 we give the basic results concerning Zuckerman and translation

functors, and we prove a general fact about the behaviour under translation of

the Shapovalov form.

In §5 we prove our abstract criterion for irreducibility and unitarity.

In §6 we establish the structural result that allows us to apply our criterion

to the case of Hermitian symmetric pairs of classical type.

In §7 we carry out the complete calculations for the type Cn case; the results

for the other cases are only stated; we also give the explicit description of the

K-spectrum of our representations and compute their lowest K-type.

Most of the material contained in this work is essentially the author's doctoral

thesis given at Rutgers in 1988. He wishes to thank his thesis advisor, Nolan

Wallach, for help and guidance. Many discussions with Dan Barbash were also

very useful.

2. Notation

Let G be the universal covering of a connected real reductive Lie group and

let AT be a maximal connected subgroup such that K/center G is compact.

Let g0 and 60 be the Lie algebras corresponding to G and K respectively

and let 6 denote the Cartan involution of g0 giving the Cartan decomposition

0O = i0 © p0 .

Let t0 be a Cartan subalgebra (C.S.A.) of É0 and let f)0 be the centralizer

of t0 in fl0 ; then f)0 is a C.S.A. of g0 .

We denote the complexification of a real algebra by dropping the subscript.

If a ç g is a subalgebra, we write ac = o n !, an = a n p ; in particular, if a is

0-stable, we have a- ac®an.

If E is a rj-module (resp. a t-module) and a € rj*, (a e t") is a weight for

E, let Ea denote the a-weight space of E. Let Á denote the set of roots of

g with respect to f) and let At = A, be the set of t-roots for g. If E ç g is

ad(rj)-stable let A(E) be the set of roots occurring in E. If E is ad(t)-stable

we let At(E) denote the set of t-roots occurring in E. If there is no chance

for confusion we will drop the subscript.

Let q ç g be a 0-stable parabolic subalgebra with 0-stable Levi decompo-

sition g = m © u.   Fix A+ ç A a 0-stable positive system compatible with

q.
Let n = £a6A+ 0Q , fa = f) © n, and set u   = £_QeA(u) 0a ; we observe that

u~ = z3-qga(u ) *a ■ ̂ et A+(*) be the positive system in A({) corresponding to

fe-

lfee g is ad(h)-stable, let A+(E) = A(E) n A+ and p(E) = ± £a6A+(£) a.

If E is ad(testable then set At+(E) = At(£)nA[ and p¿E) = ^a£4t(£)a.

In particular, we let p denote p(g) and pc denote pt(t).
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We fix an ad-invariant and 0-invariant nondegenerate symmetric form ( , )

on g, thus ( , ), defines an isomorphism between f) and rj*. If X e h* we

let ff, e f) denote the element corresponding to X under this isomorphism.

Under this identification (, )t]Xt> induces a nondegenerate form on h* that we

still denote by ( , ).

If o is a Lie algebra, let ¿7(a) be its universal enveloping algebra and Z(a)

the center of U(a). If X e \)* is A+(m)-dominant integral and pet* is A+(mc)-

dominant integral, we let F (À) and H(p) be the irreducible finite dimensional

m and mc-modules having highest weight X and p.

Define the generalized Verma modules

M(q,X) = U(g)®mF(X),
(2-1) Mc(%,p) = U(t)®U(%)H(p).

Let  L(q,X)   and  Lc(qc, p)  be the irreducible quotients of M(q,X)   and

Mc(qc,p).
Let I m I be the conjugation of g with respect to g0. For X e g let

X* = -X. We can extend     to a conjugate linear antiautomorphism of U(q) ,

i.e.,

and

(XY)* = Y*X*,        X,YgU(q),

1=1.

If F is a g-module, a Hermitian form ( , ) on V is said to be g0-invariant

if

(Xv ,w) = (v, X*w)   for X e U(q) , v , w e V.

Let m0 = m n g0 . We will always assume that F(X) admits an m0-invariant

Hermitian form ( , )f(A) or equivalently that

(2.2) X(H) = -X(H),        H£\\).

If X € rj* satisfies (2.2) we say that X is purely imaginary.

Given ( , )F(A) one can define a g0-invariant Hermitian form ( , ^ on

M(c\,X).
The radical of this form is the maximal submodule of M(q, X), so ( , )A in-

duces a form on any of its quotients and this form is nondegenerate on L(q, X).

Moreover, if F is a quotient of M(q, X), then the induced form is, up to a

scalar, the only g0-invariant Hermitian form on V.

Let W = W(q, h) be the Weyl group of (g, h) and let Wc = W(t, t) be

the Weyl group of (É, t).

If A e h*, let xA: Z(g) —* C denote the infinitesimal character correspond-

ing to A via the Harish-Chandra homomorphism.

If M is a g-module, let M    - {v g M\3n such that (x - X\(x))"v = 0 for
'a

each x e Z(g)} .
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Suppose that

(2.3) M = 0Mv
¿A

Then we write p.: M —> AT   for the projection corresponding to the decom-
A *A

position (2.3).

If M satisfies (2.3) and it is of finite length, then it is easy to see using

induction on the length that there is N e N such that

(2.4) MXA = {veM\(x-xA(x)fv = 0   Vx e Z(g)}.

If a c b are Lie algebras and F is a b-module, we set

Va = {v e V\X ■ v = 0 for each X e a}.

3. Zuckerman functors

If a d b are Lie algebras, let W(a, b) be the category of o-modules which

are locally finite and completely reducible as i7(b)-modules. If A € ^(g, mc),

define YA to be the sum of all irreducible unitary finite-dimensional Ä^-sub-

modules of A.

Then

T: V(Q,mc)^&(a,t)

is a left exact functor. Since S?(g, mc) has enough injectives, we can form Yl :

the i'th right derived frunctor of Y = Y . These are the so-called Zuckerman

functors.

Let F: W(q, mc) -» &(t, mc) be the forgetful functor. It is shown in [3] that

F maps injectives to injectives, hence, for each i, Y1 and F commute.

Let S = dimuc; if w e Wc let l(w) = \{a e A+(t)\w(a) i A+(í)}|. The
following holds:

3.1 Theorem. Let pet* be A+ (t)-dominant and purely imaginary. Let w e

Wc satisfy wA+(t) D A+(mc). Then, for i e N,

Lc(qc,p-pc)   if i = l(w) andp is

integral and regular,

0 otherwise.

r25 '(M(qc,wp- p))

For a proof, see [3].

3.2   Corollary. If p, w are as in 3.1 , then

if p is integral and regular

„25-/,,, .,     / Lc(qc, p - p),    i = l(w),
Y      (Lc(qc,wp-pc)) = \     c

10, i < l(w);

otherwise

Yi(Lc(qc,wp-pc)) = 0   V/eN.
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Proof. We prove the statement by induction on S - l(w). If l(w) = S,

then (wp, a) < 0 for each a e A(uc). This implies that Lc(qc, wp - pc) ~

Mc(qc, wp - pc)  (see [9]). The result then follows from 3.1.

Let w e Wc satisfy the hypothesis and assume i = S - l(w) > 1. Assume

also that the statement is true for any w' eWc that satisfies the hypothesis and

such that S - l(w) < i. Let 0 = M0 c Mx c • ■ • c Mn = Mc(qc, wp - pc) be a
filtration such that

M]/M]_x ~ Lc(qc, WjP - pc),        \<j<n,

with wn = w, l(Wj) > l(w) if j < n, and WjA+(t) 2 A+(mc) for any ;'.

Such a filtration exists (this follows from [2, Théorème 7.7.7]. From the exact

sequence

0 -» Mn_x - Mn -» Lc(qc,wp -pc)^0

we obtain the exact sequence

• • • - Yl(Mn) - r;(Lc(qc, wp - pc)) -» YJ+l(Mn_x) - • • • .

If p is integral and regular we see from 3.1 that

• • ■ - r^A/j - r^'d^c, wp - Pc)) - Ys+,+l(Mn_x) - o

is exact and that, if r > i,

YS+r(Lc(qc,wp~pc))„YS+r+i(Mn_x).

Hence, if we prove that

(3.3) Ys+r(Mn_x) = 0   forr>/,

then the result follows from 3.1.
The exact sequence

0 ^ Mj_x - Mj - Lc(qc, WjP -pc)->0

and the induction hypothesis imply that there is an onto map

YS+r(Mj_x)^YS+r(Mj),        r>i.

Since Ys+r(M0) = 0, (3.3) holds.

If M is singular or nonintegral then the same argument applies.   D

Corollary 3.2, together with the observation preceding 3.1, are the main tools

we use to compute derived functor modules.

Let a be ê or g. If A e W(a, mc) we say that A is admissible if, for each

finite-dimensional mc-module F ,

dimHomi;(m JF, A)) < +oo.

Let j/(a, me) be the category consisting of the admissible objects in

r(o, mc). If A e &(a, mc) (resp. A e W(a, «)), let A* be the dual of A.

We set Av equal to the subspace of A* consisting of the locally t/(mc)-finite

(resp. t/(i)-finite) functionals. If T: A -► B let Tv: By -» Av be the conju-

gate adjoint of T.
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3.4 Theorem. If A € si (a, mc) then, for each i, there is a natural isomorphism

e:YS+i(Ay)^Ts-i(A)\

For a proof, see [3 or 17].

If A, B admit an a0-invariant sesquilinear pairing y/, then y/ defines a

map y/ : A -» By by
y/v(a)(b) = y/(a,b).

In particular, if A e s/(a, mc) admits an a0-invariant Hermitian form, then

8or+'(/): r^+'(y4) -» Y^~'(A)^ defines an a0-invariant pairing between

T^+'iA) and Ys~i(A). We denote this pairing by r*+V). If A is admissible

and y/ is nondegenerate then Ys+'(y/) is nondegenerate.

This fact, together with 3.2, implies

3.5 Corollary. If p, w are as in 3.1, then, if i - S - l(w),

rS+'(Lc(qc, wp. - pc)) ä r5"'(Lc(qc, wp - pc)).

Proof. 3.2 implies that Y^+'(Lc(qc, wp-pc)) is finite dimensional. Since p is

purely imaginary, Lc(qc, wp - pc) admits a t0-invariant Hermitian form; the

duality then implies the statement.   D

We now describe how to relate the g-action on M e W(q , mc) to the action

of g on r'(Af).
Let ßf(K) be the Hecke algebra for K, that is the algebra of matrix entries

of finite-dimensional unitary representations of K. Let W(K) be the category

of locally finite unitary .^-modules.

3.6 Lemma. If V e &(K) and M e %?(&, mc) then there exists an isomor-

phism

TV(M) : f(M ® V) -» V ® Y\M)

which is natural in both M and V.

Proof. In [3] it is shown that, as a i-module,

r'(M)~/7'(ê,mc;Aic3>;r(tf)).

Let t : V®^(K) -♦ ß?(K) ® V be given as follows: if / e JT(K) and v € V,

let vx, ... ,vd be a basis of U(t) • v c V. Let Xx, ... , Xd be the dual basis

and

[cij(k)] = Xi(k-'vj)\.

Then

(3.7) T'(vj®f) = YdCnf®vr.
r

It is easy to check that T1 is a well-defined isomorphism that intertwines

n® L with L <g> trivial ( L is the left action of t on %*(K) ), then

Tv(M) = Hi(t,mc;I®f).

For more details, see [17].   D



710 PIERLUIGI MÖSENEDER FRAJRIA

We can now give theg-action on Y'(M). If Ai is a g-module, let

(3.8) m:M®U(g)—*M,       v®g>-^g-v.

We also look at U(q) as an object of W(K) under Ad.

3.9   Theorem. If M e &(&, mc) and V ç {/(g) is a K-submodule, then the

following diagram is commutative:

f(M ® V)

Proof. See [3 or 17].   D

We now want to relate the natural transformation Tv = Tv(-) with the

duality transformation 8.

3.10   Lemma. Suppose F is a finite-dimensional object of W(K) and V g

s/(t, mc). Then the following diagram is commutative:

Fv®r5+,(FV)    m   (F®Ys-i(V))v

YS+i(Vv®Fv)    -^    (YS~i(V®F))v

Proof. We need to recall the definition of 0. Let

C'(V® ßf(K)) = Hom(A''í/mc, V ® &{K)) a A'(6/mc)* ® V ® JT(K)).

We pair As+i(t, /mc)*  with A5"'(i/mc)*   as follows:   fix <* G A2S(t/mc)*,

£ 5¿ 0, and define  (a>, n) by (co, n)Ç = œ A rj for œ e A +!(ê/mc)*,  n G

A5-'(e/mc)*.
Next we need to define an inner product on ß?(K). We do this as follows:

let C be the center of K and C the set of unitary characters of C. If y G C

let

*(K)y = {/ e &(K)\L(c)f = y(c)f  Vc g C}.

Then

yec

Let / G %?(K)   and g G ßf(k)s ; we define ( , )2 by setting

Í 0 if y ¿ Ô,

(3.11) (f,g)2 = {   Í    f(kC)gJk~C)dkC   ify = ö,
\  JK/C

and extending ( , )2 by bilinearity. We note that the integral in (3.11) is well

defined since fg is C-invariant and K/C is compact; also, dkC has been
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chosen to be normalized so that JK/C dkC — 1. It is obvious from the definition

that, if f,g,he%f(K),tnzn

(3.12) (f,gh)2 = (gf,h)2.

We can now define a pairing between Cs+i(V®^(K)) and Cs~i(V®ßT(K))

by setting

(3.13) (œ®X®f, n®v®g) = (œ, n)X(v)(f, g)2.

The duality transformation 6 is given by pushing down to cohomology this

pairing; thus, to prove the lemma, it is enough to check that the following

diagram is commutative:

As+i(t/mc)*®Vv ®^(K)®FV   (-^I    (As~i(t/mc)*®V®^(K)®Ff

î/®7-;v 1(i®t'f)v

As+i(t/mc)*®Vv ®FV ®T(K)   (-^I    (As-i(t/mc)*®V®F®^(K))v

That is, we must prove that

(to® A® T'Fv(y®f), n®v ® TF(x ® g)) = (œ®X®y®f, n®v ®x® g),

œ G As+i(t/mc)*, n G As~'(í/mc)*, X G Vy , v G V, y G Fv , x G F, and

f,ge^(K).
To do this, let {xx, ... , xn) be a basis of F, {x1, ... , x"} its dual basis,

and take {x , ... , x"} as a basis of Fv so that we can use {xx, ... , xn] as

its dual basis. Let

[Cjj(k)] = [¿(k-'xj)],    [cu(k)] = [Xl(k'lxj)],       keK.

Note thattV(A:) = c;¡(A:_1) so that

(3.14) £Wry(*) = *W.
r

We are now ready to compute

(co ® X ® Tpw (x' ® f), n ® v ® TF(Xj ® g))

¿®$^<?n/®*\ r¡ ® v ® J2 cSj8 ® xt)     (by (3-7))
r s J

= (a>,r1)X(v)^(cnf,crjg)2   (by (3.13))

= [ œ i

= (œ,n)X(v)(Tcricrjf,g\      (by (3.12))

= {co,ri)k(v)Sn(f,g)2    (by (3.14))

_i
= ((o®X®x ® f, n ®v ®Xj® g).   D
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3.15 Corollary. Let F, V be as in 3.10. Let tj> be a t0-invariant Hermitian

formón F and suppose there is a t0-invariant Hermitian form yi on V. Then

the following diagram is commutative:

F®YS+\V)   »0»v    (F®Ys-\V)r

\Tt It;
YS+'(V®F)    ^'^     (Ys~i(V®F))v

Proof. Consider the diagram expanded as follows:

FQ^iv)    ^V0^V)Fv®r5+,(Fv)    !®$(F®Ys-i(V))v

\Tr îrFv 1.7?

Ys+i(V®F)   r+/(^V+,'(Kv®Fv)   -^(Ys~i(V®F))"/

The first square is commutative by the naturality of T_, the second by

3.10.   a

4. Translation functors

In this section we study the so-called translation functors and their relation-

with the Zuckerman functors. We turn our attention to highest weight modules

and study how invariant forms behave under translation.

If A G h* let M(A) = M(b,A) and L(A) = L(b,A). Fix p, X G h* and

w eW with p a A+-dominant integral. Let F — L(p) (the finite-dimensional

irreducible g-module of highest weight p ).

Suppose M is a g-module satisfying (2.3). We define

^+w"(M) = Pl+Wß(F®Px(M)).

The *p^+u;/i(_) are the Jantzen-Zuckerman translation functors.

Let M G J/(fl, m ) be of finite length. Then M satisfies (2.3) and (2.4).

Using these facts and 3.9, it is easy to show that

Y'(PX(M)) = P¿Y\M)),        i € N, X € ft*.

Suppose now that p is purely imaginary and let 0 be a £0-invariant Hermi-

tian form on F . We have the following.

4.1 Proposition. If M G ss?($, mc) is of finite length then there is a natural

isomorphism
TWß: r/(«P5+u"l(A/)) -» ^Wß(Y\M))

such that, if there is a i^-invariant Hermitian form yi on M, then the diagram

Y^(Ys+l(M))   0VO)V (^l+w"(Ys-(M)))v

*t lrv
1 *wp +   wp

rs+'-(^+^(M))   ^'iiS*^ (rs-'(^+u"i(A/)))v

is commutative.
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Proof.  Tw   is defined by restricting TF to

Pi+wtl(Ti(Px(M)®F)) = r'(^+^(Af)).

The second statement follows from 3.15.   D

For the rest of this section we assume that g0 is a compact real form of g,

i.e., 9 = 1 and t0 = g0 .

If A G rj* is purely imaginary we normalize ( , )A on Af(A) by setting

(1 ® 1, 1 ® 1)A = 1. With our assumption it also follows that ( , )   is positive

definite on F. If w G W is fixed, let P = wA+ and Y  = {A G h*\A purely

imaginary and (A + p, a) > 0 Va G P} .

The following is the simplest form of the translation principle (see [10,18 or

12]).

4.2 Theorem. If X G Yn then

(i)   ^+"p+Wß(M(A))^M(A + wp).

(Ü)   xVf+p+w,i(L(A))^L(A + wp).

From now on we let xVWß denote VA++Pp+Wfl. The form (,) = (, )ß ® (, )A

is clearly g0-invariant so

i '  )\Vai,(MM)x'¥wß(M{A)) =C( '  )\+wn-

Our aim is to prove that c > 0. This requires some preparation.

Let {px, ... , pd) be the weights of F counting multiplicities and assume

that they are labeled in such a way that pi < pi+x. Fix {/,,..., fd} as an

orthogonal basis of F so that fi G F    and let i0 be the index such that

pia = wp.

4.3 Lemma. Let AeYp and u e VWß(M(A))nA+Wfi, u ¿ 0. Then

u = c0(l®l®fio) + J2(mi®fi)>
i>i0

where mi G M(A)A+Wß_ß^ and c0 ¿ 0.

Proof,  u = J2i=\(mi ® f¡) ' where m(. G M(h)A+Wß_ß . Let j be the smallest

index such that m. ^ 0. If X G n then ^ • u - 0, so

0 = X-mj ®fj, + Y^m'i®fi'        w|. G Af(A).

Hence, X ■ m = 0 for each x G n.

This implies that

A + wp- pj + p = t(A + p),       teW.
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Now wp- Pj = Q, where Q is a sum of P-positive roots, so

t(A + p)=A + Q + p   or   (A + p)-t(A + p) = -Q.

Since AeYp, this implies that 0 = 0, t = 1, and u;^ = p.,.   D

For each a G A+ choose X  G g   and F  G g   such that [X , Y ] = H .

Let {//,} be an orthogonal basis of h . Set

D = 2Y Y Xn
aEA+

and let C = D + 2H +^2 H2 be the Casimir element for g.

Let Ç0 = wp, Zt,... ,Ç   be the distinct weights of F and let </»(.(A + p) =

\A + p + if - \p\2 = XA+p+ii(Q . Note that

tp0(A + p)-tPi(A + p) = 2(A + p,Ç0-Çi) + \i;0\2-\Çi\2

is a polynomial of degree one in A + p .

It is a well-known fact that the infinitesimal characters occurring in M (A)® F

are of the type Xa+p+z > nence> since A G Yp , the projection

PA+wll+p:M(A)®F^y,m(M(A))

is given by

nii(g-^(A+/>))
(4.4)

If A+ = {a,, ... , a¿} and / G Nd, / = (/,,..., id), set  r' = E[-=i ̂ ,

|/| = £?=i'',-,and (l) = T?jmiij«j.

4.5    Lemma. For eac/z ;' < #

n(c-^(A + />))(i®i®y;o) = Ç      XI      c^^A + pxr'®!)®/;.
i'=l i    A—{I)+ni=A+wß

with deg(cí 7) + |/| < j. Moreover,

i

%j = U^o-(f>i)+P
1=1

wz7/z degp < ;'.

Proof. The proof is by induction on j. For j = 0 the result is obvious. Assume

that it is true for / > 0.
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y+i

n(c-^.+1(A+^))((i®i)®^)
1=1

= (C-cl>j+x(A + p))(f[(C-<Pi(A + p))((l®l)®fio)\

= ¿2(UA+p)-<i>j+i(A+p))cj,l,ÁA+p)(Yl®l®fi)
I, i

+ D-^CjtlJ(A + p)((YI®l)®fi).
I, i

Since deg(0o - 4>j+l) = 1, the induction hypothesis implies

deg((<¿0-^.+1)cyM) + |/|<; + l.

Furthermore, observe that

Xa ■ (Y1 ® 1) = c0(A + p)(l ® 1) + £c,(A + P)(yJ ® !)

with degc, + |/| < |/|, and that

yQ.(y/®i) = J]c;(A©/))(r/®i)
J ¿0

with degc^, + |/| < |/| + 1.

These facts together with the induction hypothesis give the first part of the

statement.

Moreover,

de8(c7,i,ico) = de&cj,;,/ + degc0 < j ,

so

cioj+i = (<i>o-<t>j+i)ci0,j+P

with degp' < ; . The induction hypothesis now implies the result for j + 1.   D

Set ta(A) = nti(c - <^(A + P))((l ® l) ® /0) • By (3-4) we have that

G)(A) g ^Wß(M(A))k+w  . From Theorem 3.2 we see that

VWß(M(A))A+Wß = VWß(M(A))nA+Wß,

soa>(A)eVwll(M(A))l+Wfi.
Let v = wp; then, since Aerp, there exists e > 0 such that, for each

t > -e, A + tu G Yp. Fix one such e and, for each t G (-e, +oo), set

<y(i) = co(A + tu), ci (t) = ci (A + tv + p) and, for each t > -e such that

c/o(0#0,set u(t) = œ(t)/cio(i).

We are about to prove the main lemma of this section. Before stating it we

need to clarify some terminology.
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Suppose A ç (-e, +00) and, for each t G A , let

v{t) = J2ai,Át)YI ® 1 ® /¡- e A/(A + ft/) ® F.
i,I

We say that v(t) can be continuously extended to (-e, +00) if there are

continuous extensions of the c¡ l 's to (-£, +00).

If r0 G (-e, +00) we define

limt;(0 = X;ii«lc//(0((ir/®l)®y;-)

whenever the R.H.S. makes sense.

4.6 Lemma. u(f) can be extended continuously to (-£,+00). This extension

is unique and it defines a nonzero element of x¥Wß(M(A+tv))A+tv+ for each

t G (-£, +00).

Proof. First we need to assemble some facts:

(1) degc, =q. In particular, c,   is not identically zero: by 4.5
'o '0

<V')=ñ(^o(A+<") - <^a+'"))+p(t)
;=1

with degp < q ,

n(^0(A + ft/)-^(A+ /!/))
1=1

=n(2(A+^+^,^0-^)+K0i2-K;.i2)
1=1

<7

= J] 2(z/, ¿0 - £.)? + pj (i)   with degp, < <?.
1=1

(2) If v = Y,iiIaiI(Y,®\)®fi£M((A + tv)®F and le £/(#) then

X-v = Yäfj,j(aiJ,t)(YJ ®\)®fr
j,J

where the f. } 's are polynomials in a¡ 7 and í. This is obvious.

Because of ( 1 ), in order to prove the lemma, we have to show that lim,  , u(t)

exists and is nonzero for each f0 G (-£, +00).

Without loss of generality, we can assume t0 = 0.

a)(t) = c¡o(t)((i®i)®f¡o)+ XcM«(r'®i)®./;..

Let

cio(t) = tp"Yio(t), y,o(0)#0,

ciI(t) = tp<-'yiI(t),      yM(0)#0.
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Let M = min(p0 ,pi ¡). We claim that M = p0.

Indeed, œ(t) G xVWß(M(A + tv))A+Wß+w , so, for each t ¿ 0,

rMco(t)eWwß(M(A + tu))nA+Wß+tl/.

(2) implies that, if X G £/(g),

X-limt Mœ(t) = limX-t Mœ(t).
(_0 /-»o

-m.
Hence, 0 ¿ lim^0 r"o>(0 G ̂ (A/(A))^ . If Af < p0

limt-Mco(t)=J2^I(YI®l)®fl.
~* i¿o

This is not possible because of 4.3, so M = pQ. Set

M(0)=ÏÏoff) =ÎS(1 ® 1)0^o + E ^^^((f'® 1) «,/,).
Since p; ; > p0 , we see that m(0) is well defined and nonzero.

(2), as above, implies «(0) G VWI1(M(A))\+Wß .   G

4.7   Theorem. Let ô(t) = (u(t), u(t)). Then ô(0) > 0.

Proof. (1) ô(t) El: this is obvious.

(2) S(t) # 0. Suppose ô(t) = 0. 4.2 implies that

*¥Wß(M(A + tu)) ~ A/(A + ft/ + to//)

and, by 4.6, «(f) is a highest weight vector for XVW (M(A + tu)). Hence,

u(t)e(Vwß(M(A + w))f,

but

u(t)€WWß(M(A + W));

so
w(í)G((M(A + ft/)®F)y  )x

XA

whenever *A, ^ xA+Wfl+p+w ■ Hence, m(í) g (M(A) ® F)x , but (u(t), (1 ® 1) ®

y¡. ) = 1 ^ 0. This gives a contradiction.
°(3) S(0)>0:

«5(0 = 1+   £   ^(^«l.^«!)^

z+y^o

By the definition of ( , )A+tv and 4.6, S(t) is continuous and, by (2), nonzero

for t > 0. By (1) in the proof of Lemma 4.6, deg|c. |  = 2q and, by 4.5 (and

[9, Lemma 6]), if I + J^O,

ci,n,J

<2q-\I\-\J\ + min(\I\, \J\)<2q.

This implies lim^+ooS(t) = 1. Hence, by (2), S(t) > 0 for each / > 0.   D

degc,,^,/^®!,^®!)^
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For later use we put the statment of Theorem 4.7 in terms of diagrams:

4.8   Corollary. Suppose that V g ^(g, m)  is a quotient of M (A) and m:

x¥w (V) -> Vx is an isomorphism. Let y/ (resp. y/x) be a ^-invariant form on

V (resp. Vx ) which is positive definite on the highest weight space of V (resp.

Vx ). Then there exists </>, a positive definite form on F, such that the following

diagram is commutative:

V ^L Vy

"V)     "=*        (^,(^))V

Proof. Let n: M(A) -> V be the projection and v(A) = (n ® id)(u(0)).

y/x(m(v(A)), m(v(A))) is positive so, by 4.7, there exists eel, c > 0,

such that mv o y/y o m = c( , )v . y/(n(l ® 1), n(l ® 1)) is positive so there is

c, el, cx > 0, such that y/ = cx( , )A ; hence, <f> = c/cx ( , )   will do.   D

5. A CRITERION FOR UNITARITY

In this section we prove, under very strong hypotheses on V = L(q, A), a

criterion for the irreducibility and unitarity of Yl(V) for a certain index i.

We keep the basic notation of the previous section.

Our basic assumption on q is that [uc, uj = 0.

Let Agí)* be purely imaginary such that (A, a) = 0 for each a G A(m).

In this case F(A) is one dimensional. Let M (A) = M(q, A) and L(A) =

L(q, A). If X G t* is A+(mc)-dominant integral, then we set Mc(X) = Mc(qc, X)

and Lc(X) = Lc(qc,X).
We assume

(5.1) (, )A\L,A)"c is positive definite.

(5.1) implies

(5.2) L(A) = L(A)Uf©u;L(A).

If

(5.3) L(A)U< = ©//(A()

as an mc-module, then (5.1) also implies

(5.4) L(A) = 0rç
i

with Vi = U(t) ■ H(X¡) ~ LC(A;). Moreover, the direct sums in (5.2), (5.3), and

(5.4) are orthogonal with respect to ( , )A .

Let n : M(A) —► L(A) be the canonical projection and set 1A = 7t(l ® 1) ; in

particular, n(g ® 1) = g ■ 1A .

Let p : L(A) -> L(A)Uf be the projection corresponding to the decomposition

(5.2).
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Let symm: S(un ) -> U(un ) be the symmetrization map.

5.5 Lemma. As an mc-module

L(A)uc=p(n(symm(S(u-n))®l)).

Proof. As an me-module,  A/(A) =  U(u~) ® 1.   So, by P.B.W.,  A/(A) =

(symm(S(u~))®u~U(u~)) ® 1. Hence

L(A)U< = P(n(M(A)))

= P(Ä((symm(S(u;)) © u~cU(vT)) ® 1))

= P(n(symm(S(\x~)) ® 1) + uc~7r(i7(u~) ® 1))

= P(7r(symm(lS(M;))®l))   (by (5.2)).   D

If A' G S(u~) and v G L(A)U< set X * v = .P(symm(jc) • v).

5.6 Lemma.  * defines an S(u~)-module structure on L(A)Uc.

Proof. Let X ,Y e S(u~) and v e L(A)Uc. We have to prove that (XY) * v =

X * (Y * v). Clearly we can assume Y e u~ so symm(F) = Y. By (5.2)

Y 'V = Y *v + w,        weu~L(A),

so symm(A') • Y - v = symm(X)(Y~ * v) + symm(X)iu . Since [u~ , u~] = 0 we

have that symm(X)u; G u~L(A), so

P(symm(X) -Y-v) = P(symm(*) • Y * v)) = X * (Y * v).

Since [u~ , u~] C uj it follows that

symm(^r) • Y = symm(X7)    mod(u~U{vT)).   □

Set JÍ = {X G t*| is a A+(mc)-dominant integral and H(X) occurs in

L(A)"C} and £? = {X e JT\X + pc is A+(i)-regular and integral}.

For each X G Sf let w(X) be the unique element of Wc suchthat w(X)(X+pc)

is A+(i)-dominant.

Let /0 - min{l(w(X))\X G i?} and set

¿?Q = {X€J?\l(w(X)) = l0}.

Let & = S(U;)m<nn< and T = S-lQ.

5.7 Theorem. Suppose there is a X0e ¿z?0 such that

(i)  for each X G -2¿, w(X0)(X-XQ)   is  A+(t)-dominant;

(ii) if u0 is a highest vector for H(XQ) in L(A)Uf then, for each XeJ?0 and

ux G L(A)"r, there exists vxe3ö such that vx * u0 = ux.

Then F^- (L(A)) is irreducible and unitarizable.
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Proof. From the decomposition in (5.4) one sees that

L(A) = @V(X),
XEJf

where V(X) is isormorphic to the sum of m(X) copies of LC(X).

It follows from Corollaries 3.2 and 3.5 that

YS±T(L(A))=@YS±T(V(X))

and YS±T(V(X)) is a sum of m(X) copies of Lc(w(X)(X + pc) - pc). We note

that (ii) implies that m(X0) = 1.

We claim that the Mype YS±T(V(X0)) ~ Lc(w(X0)(X0 + pc) - pc) is cyclic in

YS±T(L(A)).

To prove this, let ux, ... , u,X) be an orthogonal basis of V(X)nc and let

v{, ... , vm,x, be the elements in ¿P such that vi * u0 = u¿. Let Vi = U(t) • u¡ ~

LC(X) ; thus,

V(X)=      ©      F,   and   l^VW)^      ©     I^V,)-
i=\,...,m{k) i=\,...,m(X)

Since v¡ G ^ and [u^", u~] = 0, symm(v(.) is an extremal vector for a

finite-dimensional irreducible 6-submodule F¡ of U(q) . (Here the action is

ad.) From (i) it follows that the highest weight of F¡ is p = w(X0)(X - X0).

Let w = w(X0)~l and let m: F¡ ® V(X0) -* L(A) be the multiplication map

(see (3.8)).

Since X0 + pc is regular and V(X0) =* LC(X0), it follows from (i), as in the

discussion after Lemma 4.5, that

(5.8)        ^(symmty) ® u0) G (Px+Pc(F, ® F(A0)))n^ = (^(F(A0)))n^.

Since the action of Z(t) preserves the decomposition (5.2), it follows that

PoPx+p=Px+poPonL(A),so

m o PA+/)(symm(v(.) ® uQ) = ^^(symmiu,.) • w0)

= />(i,A+/,(symm(t;/).M0))

= Pi+Pc(P(symm(vi)-u0))

= px+Pc(vi*uo) = ur

The second equality follows from (5.8). In light of 4.2 this implies that m

defines an isomorphism

so
rS±r(m): YS±T(H'Wß(V(X0)))^rs±T(Vi)

are isomorphisms.
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Let Tw   be as in 4.1. Then, by 3.9,

m = rs±r(w) o T~l : ^^{V^))) - I^iT,)

are both isomorphisms. This proves our assertion.

Suppose now that M ç Y^~T(L(A)) is a proper submodule. Then, by

cyclicity, rs_r(F(>l0)) n M = {0} . Since rs+r(( , )A) is a nondegenerate g0-

invariant pairing between YS~T(L(A)) and YS+T(L(A)), and since YS~T(V(X0))

occurs with multiplicity one, rs+r(F(A0)) ç Afx ç rs+r(L(A)). Therefore

A/"1 = rs+r(L(A)). Hence M = {0} .

We have proven that r^_r(L(A)) is irreducible. Obviously, the same proof

gives the irreducibility of Y^+ (L(A)).

Since m(X0) = 1, t/(g)f, the centralizer of t in (7(g), acts on V(XQ) by a

scalar.

Theorem 3.9 implies that t/(g)e acts on r5+r(F(>l0)) and rs_r(F(A0)) by

the same scalar (see [3]). Hence YS+T(V(X0)) and YS'T(V(X0)) are isomorphic

as U(q) -modules.

Corollary 3.5 says that YS+T(L(A)) and YS~T(L(A)) are isomorphic as 6-

modules, hence, a well-known result of Harish-Chandra [5] implies that there

is a g-isomorphism

&: YS~T(L(A))^YS+T(L(A)).

The map

r*+r(( , )A)V °^: rs"r(L(A)) - (rs"r(L(A)))v

defines a nondegenerate g0-invariant sesquilinear form on F^~ (L(A)) that we

denote by ( , )r.
We can choose & so that ( , )r is Hermitian. This is true, for example,

because m(X0) = 1 and YS~T(L(A)) is irreducible.

Recall that our basis of V(X)"C is orthogonal with respect to ( , )A . It is ap-

parent from the explicit formula defining Y^+ (( , )A) (see the proof of 1.2.10)

that, if i^j,

YS+T((    ) ) =0
u ' >v rs*T(vi)xrs-T(vi)

We observe that
^(Ys~T(Vi))çYs+T(vi).

In fact, since & is a g-map, the following diagram is commutative:

pS-^!/.) .£+ r5+r(L(A))

^wp(^'T(Vßo)))    ^   ^Wß(^+T(V(^)))
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Hence,

^(rS_r(Fi)) = mo(I® ^)(4'^(rs-r(F(A0))))

= m(VWfl(Ys+T(V(X0)))) = Ys+T(Vi).

It follows that the decomposition

rs-T(v(X))=    0   r3-7^)
i=l,...,m(X)

is orthogonal with respect to ( , )r.

We now want to compute the signature of ( , )r: ( , )r|L(A)nc is positive

definite so Corollary 4.8 implies that there is a positive definite form </>. on Fi

such that the following diagram is commutative:

^VW) (0,^))   (vWß(v(x0))y
WßK

Hence, the rear top square of the following prism is commutative:

r^Atm)
^(^„(^o))) + <rs~X.(K('lo))))v

r,,^^^»)    "''8lJ+r" ' >A>V> I^^^W)))^

The sides and the front are also commutative because of 3.9 and 4.1, thus

the bottom square is also commutative. Thus the commutative diagram (5.9)

implies that
^+T«. )Aiv

rs- rs+r(K)

«i»^4

(r^V,))'

(( , )a)P
(^,„(rs-7'(F(A0))))N^(rS_r(K(A0))) '■£* ̂ (I^VtAo)))

is commutative. That is,

rs_r(Fi.) (-^5 (r5_r(Fi.))v

^(rs"r(F(A0)))  w'^)r)V  (vF^(rs-r(F(A0))))v

is commutative.

Since 0(.  is positive definite,   ( , )r\rs-Ttv.)xrs-T(v.)  has the same sign as

( , )rlrs-r(Ka0))xrs-r(K(>i0)) ■

Hence, ( , )r is definite. Therefore YS~T(L(A)) is unitarizable.   D

6. Hermitian symmetric pairs

In this section we prove some structural lemmas that allow us to describe the

structure of L(A)"r as mc-module in the case where both p and u are abelian;

that is, when both (g, t) and (g, m) are Hermitian symmetric pairs.
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Let g be a complex reductive Lie algebra such that [g, g] is simple. Fix gM

as a compact real form of g. Let t0 be a maximal abelian subalgebra of gM

and set t = (t0)c .

Fix H0, Hx G itQ linearly independent vectors such that the eigenvalues of

ad(H¡) are contained in {-1,0, 1}.

Let

6 = exp(niad(H0)),       @x = exp(niad(Hx)).

Let t be the conjugation in g with respect to gu and set

g0 = {X G q\X = 6 o x(X)},        90 = {Xe ç\X = 6, o r(X)}.

We observe that (g¿)c = (g0)c = g.  8 and 8( define Cartan decompositions

on g0 and g0:

0o = 6o®Po>       0o = 6i®tV

Let g = m © u be the parabolic subalgebra associated to Hx, i.e.,

A(m) = {/? G A(9)\ß(Hx) = 0},        A(u) = {ß G A(9)\ß(Hx) = 1}.

The definitions imply that (t0)c = m and (p0)c = u~ ©u. It is also clear that

q and m are 6-stable and that u is abelian.

If 0 is a complex reductive Lie algebra we let rankc(D) denote the rank of

ö. If o0 is a real reductive Lie algebra, let rankR(D0) denote the real rank of

ô0 . If r = rankR(g¿), then to each positive system A+ c A compatible with q

is associated an ordered set yx < ■■• <yr of strongly orthogonal roots in A(u)

having the following properties:

(1)   2(:a,ïi\ G {0, 1, 2} for each a G A(u) and, if 2^-^- = 2, then
(y¡ > y ¡i y¡> y¡)

a = yr

( ■ )   (2)    2(a, Y i) € {_! ^ o, 1} for each a G A(m). Moreover, if a G A+(m)
{y, i y¡)

and 2,   ' 7'[ = 1, then there is ;' < i such that 2,     V'{ = -1

(see [7, 8, or 15]).

6.2 Lemma. Let s < r and {yx, ... , ys} ç A(u) be a set of strongly orthog-

onal roots satisfying property (6.1(1)). Then there is a positive system A+ c A

compatible with q such that, if {nx, ... , nr} are the strongly orthogonal roots

associated with A+ , then y¡ = r¡i., 1 < i < s.

Proof. Set h¡ = Hy/(yi, y¡) and Ht =HX- Y!~=\ h}-, 1 < /' < s + 1. Suppose

that ¿ZCA = °;then
'¡-i

(E^)^ = EMS^
ol        \;=1



724 PIERLUIGI MÖSENEDER FRAJRIA

Thus, by the linear independence of the h¡ 's, we have that £ c¡. = 0 implies

that c(. = 0 for each i. If YI c¡ # 0 then we can write HX = J2 c\hi. It follows

that 1 = y¡(Hx) = c\ ; hence, Hx = ^A,•.

B-=iiHih<i<s      if^i=EA,.,
1 {#¿/i<,<í+i    otherwise.

The discussion above shows that B~ is an ordered basis of t~ = span({//.})

C zt0. Let t+ = (t~) c itQ and let B+ be any ordered basis of t+. If we

set H+ > H~ for each H+ G B+, and H~ G B~ , then B = B+ ü B~ is an

ordered basis of 2t0 . We order (it0)* lexicographically according to the choice

of B and let A+ be the corresponding set of positive roots in A.

Since a(Hx) = 1 for each a G A(u), it follows that A(u) c A+. Recall

that the strongly orthogonal roots {nx, ... , nr} are constructed inductively as

follows:  rjx is the lowest element of A(u) and nj is the lowest element of

{aGA(u)|(a,v;) = 0,  j < i}.

By property (6.1(1)), if a G A(u), then a(Hx) = 1 and a(H2) > 0. More-

over, a(H2) — 0 if and only if a = yx , thus yx = t]x .

If i > 1 assume by induction that y. - n. for j < i. Suppose first that

Hx ¿ £A. or, if Hx = ¿Z"i, that i < s. If ß G {a G A(u)|(a, yß = 0,

; < i} then, by property (6.1(1)), ß(Hj) = 1 for each ; < i and ß(Hi+x) > 0.

Moreover, ß(Hi+x) = 0 if and only if ß = y¡, hence y¡ — n¡.

If i - s and Hx = J2n,■■> then ß g {a G A(u)|(a, y.) = 0, j < s} if and

only if ß(Hx) = ß(hs) - 1 ; therefore, by (6.1(1)), ß = ys and ys = ns.   O

The next result is due to Schmid [11].

6.3 Proposition. Suppose that a positive system A+ c A compatible with q has

been fixed and let {?,}¡=1     r be the corresponding set of strongly orthogonal

roots. Then the highest weights of S(u~ ) as an m-module are precisely those

of the form -J2m¡y,< rnx > ■■ ■ > mr > 0, m¡ e N, each occurring with

multiplicity one.

Let v¡ G 5'(u_)mnn be an element of weight p¡ = £'.=, yi. 6.3 implies that

S(u )      =C[vx,...,vr].

In [15], for each i = I, ... , r a subalgebra g( ç g is constructed having the

property that

(6.4) vj e S(u~ nflj.),      j<i,

and

(6.4) rankE(g.ng¡) = ¿.

We remark that both v¡ and g- depend on the choice of A+ .

Let A be the element of t* corresponding to Hx via ( , ). Let n be a long

root in A and set A1 = j(n, n)A. The following result was first proved in [15].
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6.6 Theorem. There is a constant C = C(g¿), depending only on g¿, such

that L(-zAx) is unitarizable with respect to g0 if and only if z = CR, R =

0, 1, ... , r - 1, or z > C(r - 1), z eR. Also,

L(-zAx)^M(-zAx)   ifz>C(R-\).

If A = -CRAX, R = 0,l,... ,r-l, then vi • 1A = 0 in L(A) for i>R.

We will be studying the Zuckerman functors of L(A) for A = -CRAX,

R = 0, 1, ...,r-l.

Let ( , )A be the g0-invariant inner product on L(A). It is shown in [5] that

the positivity of { , )A implies that L(A) satisfies condition (5.1). In order

to implement Theorem 5.7 we need to know the structure of L(A)"C as an

mc-module. The study of such a structure requires some preparation.

Let l0 = g0 ng¿ and I = (l0)c . 8,    defines a Cartan involution on l0 giving
'o

the decomposition

Io = «(Io)© Pig-

One checks that

(*Co))c = mc   and   (P([o»c = u« ®V

In analogy with g¿, we have that p = p+ © p~, where A(p±) = {ß e

A(9)\ß(H0) = ±1},        A(í) = {ß G A(Q)\ß(H0) = 0} .

Let u^j = u n p+ and un2 = u n p   .

Since rrtc = É n m, it is obvious that [mc, t] c t, [mc, p+] c p+ , [mc, p~] C

p~ , and [mc, u] c u. This implies that as an mc-module,

U = Uwl©Uc©U„2.

From now on we fix a positive system A+(mc) c A(mc). Let n = rankc(g)

and {tj}i=l     n be a basis of t0 with tx — Hx and t2 = H0. Assume also that,

if A+ is the corresponding positive system, then A+(mc) c A+ . Let A+ be the

positive system obtained by substituting -H0 with H0 in the definition of t2.

Clearly both systems are compatible with q . Set m^" = 2^QeA+(m ) mca •

6.7 Lemma. As mc-modules, unX and un2 are irreducible.

Proof. We need to show that dim((uw)m') = 1, í = 1,2. Let Xß G (unl)m'

and n G A+(mn) ; then (ß + n)(H0) = 2, thus ß + n $ A. This implies that
[^,^1 = 0, hence Xß G umnn .

Since u is irreducible ([g, g] is simple), we have that

mnn.
dim((u£) = dim(u.) = 1,

as we wished to show.  The proof for un2 is completely analogous if we use

A+(mn) instead of A+(m„).   D
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Let

It is easy to check using the Jacobi identity that £ is an ideal of (. Since I

is reductive we have that I = £ © [ , where Í   is an ideal of [ contained in mc.

We can decompose I further: let

I!=uüi©Ki.uüi]©u»i.

Since [unX, u~2] = [un2, u~] = 0 we see that I , [   are ideals in I and

r        r1  ^ r2 ~ fi1= [    ©I    ©I   .

Lemma 6.7 implies that the pairs ([', mc n ['), i = 1, 2, are irreducible

hermitian pairs. We observe that A+(l) = A+(I) = A+(mc) uA(uJ. If ri =

rankR(l' n l0), let yn < ■■■yir  be the strongly orthogonal roots associated to

A+(l') in A(uJ.
Observe that A(unl) and A(un2) are mutually strongly orthogonal roots; thus,

{y(. ■} is a set of strongly orthogonal roots. In particular, rx + r2< r.

6.8   Lemma. The set {y,,},=1 2-k/o  satisfies (6.1(1)).

Proof. We note that, with respect to A+ , if a e A(unl), ß G A(uc), and y G

A(un2), then a > ß > y. Therefore, if y, < • • ■ < yr are the corresponding

strongly orthogonal roots, we have that, by construction, y. = y2¡, I < / < r2.

this implies that {y2j} satisfies (6.1(1)).

Analogously, we see that, if y, < ■ ■ ■ <yr are the strongly orthogonal roots

associated to A+ , then yf. = y1(., 1 < i < rx.   D

The obvious generalization of Proposition 6.3 applied to I implies that S(u~)

is multiplicity free as an mc-module and the highest weights (w. r. t. A+(mc.))

are precisely those of the form:

H = -¿Zaijyij>       aiX>--->air>0, fly6N, i=l,2.

—  m+
Moreover, if vi} is the element of S(un ) c  of weight pi} = Y¿r=\ 1/,> > then

(6.9) 0> = C[vtJ],        i=l,2, j=l,...,rr

If M e Nr' x Nr2, M = (mxx, ... , mXr , m2x, ... , m2r ), let

vM = T[vijiJ and p(M) = J2mijPu-
i J i, j

By Lemma 5.5 we have that (L(A)Uc)m+c = 90 * lA .

Since p(M) is the weight of v     in S(u~), then the weight of v    * lA is

X(M) = A + p(M).
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If X(M) + pc is A(6)-regular we set

w(M) = w(X(M))eWc

and

A+(M) = {ß G A(uc)\(X(M) + pc, ß) > 0}.

For each /' = 1, 2 define j¡(M) to be the last index such that m( ¿ 0 and

set \(M) = jx(M) + j2(M). To M we also attach a positive system P(M) as

follows: we write p(M) = £,. /fl//)Y/ and nx a tota^ order < on the y.. such

that

(6 10) (1)   tfaV-a***    then^^*'

(2)   if 1 < A < fc < 7,.(A/), then yM < yijfc,    / = 1, 2.

Such an order clearly exists since aih < ajk if h> k .

Let {yx,..., yr +r} be the set {y,-} reordered according to < (i.e., yi < y.

iff i < j ). Set hi, Hi, t+ , t" , and 5" as in the proof of 6.2. Set

A0 = {a G A|a|t- = 0}.

Clearly A0 is a root system. The choice of an ordered basis B+ of t+

determines a positive system AjcA0. We choose B+ so that A0 n A+(mc) c

Aq . Let B = B+ U 5~ be the ordered basis of /t0 defined as in 6.2. Let P(M)

be the positive system corresponding to this choice of B . The positive system

P(M) and the ordered set {y(.} satisfy the following properties.

6.11 Lemma. (1) A+(mc) C P(M).

(2) If {nx, ... , r\r) are the strongly orthogonal roots associated to P(M),

then yt = rji, 1 < / <rx>r2.

(3) /i(W) = -EÏÏ)<'ri = -EÏÏ)3',. «1>->«w>0. «;GN.
Proo/. (2) follows immediately from the definition of P(M) and Lemmas 6.8

and 6.2.

(3) follows from (2) and the definitions of I(Af) and {y(.} .

It remains only to prove (1).  Let a e A(mc) ; if a,t- = 0, then a G A0 n

A+(m(.) c Aq c A+ , so suppose that a^- ^ 0. This implies that (a, y¡,) ¿ 0

for some i, j. By (6.1(2)), there is 1 < h < ri such that (a, yih) < 0 and

(a, yik) = 0 for k < h .

Since (yih , yJk) = 0 if / ^ j, it follows from (6.1(2)) that there is 1 < 5 <

rx + r2 such that (a, ys) < 0 and (a, y.) = 0 for ;' < 5, thus a(//J+1) =

-(a, yj/^, yi) > 0 and a(H.) = 0 for ;' < s. This implies that a G A+ .   G

We now come to the main result of this section.

6.12 Theorem. Jt = {X(M)\l(M) < R} .

Proof. Let M G Nr' x N'2 and set y, < • • • < yr as the strongly orthogonal roots

corresponding to P(M). According to Lemma 6.11, y¡ € A(u ) for 1 < / <
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rx+r2, and
l(M)

p(M) = -J2 alyi,        «!>•••> a{(M) > 0.
1=1

Let n(M) = J2aEPtM) 0Q n m > and ^et vi and fl¡ De as described after Propo-

sition 6.3. We have that there are positive integers /,,..., i[{M) such that

(6.13) ^ = IK
s

is the element of 5,(u~)n(     of weight p(M). Moreover, since ax,M, ̂  0, we

have that i{,M, > 0.

Write

(6.14) S(u-) = S(un-)©u;,S(u-)

and v = u + w , accordingly. Let {YJa G A(u~)} be a basis of root vectors;

then

(6.15) v=    YI    ciY'-
(I)=ß(M)

Lemma 5.8 of [15] proves by an obvious induction that the coefficient of

FJs Y*s   is nonzero in (6.15). This implies that u ^ 0.

Since the decomposition (6.14) is invariant under mc and since A+(mc) c

P(M), it follows that u G S(u~)m< .

S(u~) is multiplicity free, thus there is c G C such that

(6.16) cu — v   .

Since v = u moduJSXu-), it follows that

(6.17) v    * 1A = cu * 1A = cp(v • 1A).

Theorem 6.6 implies that, if I(Af) > R, then v • 1A = 0, hence, by (6.17),

uA/*lA = 0 and X(M) i Jf.

If \(M) < R we must show that v * 1A ̂  0. Let g' = g1(A/). By (6.4) and

(6.13), v G 5(u" n g') ; thus, by (6.16), vM G S(u~ n g'). Let t' = tn g' and

Since (, )Ail/(B').1 xuta'yi   is positive definite, it follows that

L/(g')-lA-^(0ng',A).

The crucial observation is that

(6.18) t/(g')-lA*A/(gng',A').

Suppose that (6.18) is not true. Then, by (6.5) and (6.6), there are at

most l(Af) values of z e[0, C(g0)R] such that L(gOg', -zA\) is (g' fl g¿)-

unitary. Since U(q')-\_zA   is unitary whenever L(-zA,) is, there are at least
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R+l values of z G [0, C(g0)i?] suchthat L(gng', -zA\) is (g'ng0)-unitary,

contradicting our assumption that l(Af) < R. This proves (6.18).

Let p: U(q') ■ 1A -» (U(q') • lA)Ucn"' be the projection. By (6.18),

p'(vM.lA)¿0.

Suppose that a G A(uc)\A(uc n g'), let hi = Hy J(yi, y¡), and H' = Hx -

Y?ff hj . Note that ß(H') > 0 for each ß G A(u).
By the construction of g' (see [15]) we have that a(H') > 0 and ß(H') - 0

for each ß G A(u n g'). In particular, p(M)(H') - 0.

Suppose now that Xa -p'(vM • 1A) ̂  0. This implies that

X(M) + a = X -   Y  nßß    or   a + p(M) = -  Y  nßß>
^eA(u) ßeA(u)

thus,

0<a(H') = (a + p(M))(H') = -  ^  nßß(H')<0.
y?€A(u)

This contradiction implies that Xa -p(vM • 1A) = 0, hence

O.     i,   M    .    , M     ,¿p(v    -lA) = v    *1A,

as we wished to show.   D

7. Hermitian symmetric pairs of classical type

In this section we apply the results of §§5 and 6 to the case when [g, g] is

of classical type. In what follows we identify t and t* via ( , ) and adopt

the standard " £( " notation for roots and weights. Firstly we give the two main

statements: the unexplained notation is as in §6 (see Tables 7.12 and 7.13 for

the various data in each particular case).

7.1 Lemma. Suppose that i?G{0,...,r-l} satisfies the conditions given in

Table 7.13. Then there exist M0 G Nr' x N1"2 and i e {0, ... , R} such that

^ = {X(M0) + p(M)\jx(M) < i, j2(M) <R- i}.

Furthermore, if a G A+(M0) and X(M0) + p(M) G £f0, then (a, p(M)) = 0.

7.2 Corollary. With the hypothesis of Lemma 7.1, set C and A, as in Table

7.12. Set V = L(-CRAX), and let T be as defined in §5. Then rs_r(V) is

irreducible and unitary.

Proof. Let X = X(M0) + p(M) e£?0. If we set u0 = vM° * 1A and vk = vM,

then, by 5.6,

vx*uQ = v    *v  °*lA = v  °     * 1A.

Therefore, condition (ii) of Theorem 5.7 is satisfied.
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To see that condition (i) is also satisfied we observe that, since [un, uc] =

0, then (a, ß) > 0 for a G A(u„) and ß G A(uc). Therefore, if a G

A(uc)\A+(Af0), then (p(M),a) < 0. If a G A+(A/"0), then, by 7.1, (p(M), a)
= 0.

This proves that condition (i) of 5.7 is satisfied.   □

The preceding lemma is a simple consequence of Theorem 6.12, but it re-

quires a case-by-case calculation: we will give the details only for the type Cn

case; the other two cases are very similar.

Type Cn . Let the simple roots of g be given as in the Dynkin diagram:

o -o-• ■    o o
al a2 an-\ an

where a¿ = £( - £(+1, 1 < i < n — 1, and an = 2en .

Let
i

Ho=l?Í2£!-líÍ2el> o<¿<«>
2^ '     2

i=\ l=t+\

and
i   "

1=1

If we let A denote the positive system determined by <t> = {a,, ... , an} ,

then clearly A+ is compatible with g, while m is the subalgebra corresponding

to:

o -O-o • • •-    o
al a2 Q»-l

and A(u) = {£; + £ .| 1 < i, j < n}.

If d = n - t set
r¡i = e¡, \<i<t,

r¡t+i = e„_i+l,    \<i<d,

so that

1   " 1   ' 1    "
Ho = 2 E 'i    and   H\ = 2 E n>■ ~ 2 S Ir

i=i í=i í=í+i
Therefore

t:    o   -o-o     ,
i,-i2 %-\-nn

A(uc) = {ni-nj\l<i<t<j<n},

m :     o   -o • •-o o     -o • • •-     o     ,

AK,) = {v¡ + tij\i < i, j<t),

A(uBi) = {-if/-i|/|f+l <i,j<n}.

In this setting the strongly orthogonal roots for [ are

yxx=2nt,...,yXri =2nx;        y21 = -2nt+l,..., y^ = -2r\n ;

hence, rx = t and r2 = d.



DERIVED FUNCTORS OF UNITARY HIGHEST WEIGHT MODULES 731

If M G Nr' x N"2, , i < t, and j >t, set

ai =    E    m\r    and    bj =  E mlr
r>t-i+\ r>j-t

The obvious calculations imply that, if /0 = t-jx(M) + \ and jQ = t+j2(M),

then

t h

(7.3) MJO = -X>/*/+ E2M,
/=/„ j=t+\

and fl/o - m1;.(M), bj0 = m2h(M). Furthermore, if n¡ - nj e A(uc),

(7.4) (X(M) + pc, n, - r,j) = (; - i) - R - 2(a, + bj).

7.5   Lemma. Suppose that X(M) G £f. If n¡- rjj g A+(Af) iAe«

(7.6) i < i0   and   j > j0.

If \(M) = R, then the two conditions are equivalent.

Proof. We prove that, if i, j do not satisfy (7.6) then r\i - n- £ A+(M).

If is obvious from the definition that (jQ - i0) - l(M) - 1.

If X(M) G & , then, by 6.12, l(Af) < R. If r\i - n} G A(uc) and /„ <i,j<
j0 , then, by (7.4),

(X(M) + pc,ni-nj) = (j-i)-R-2(al+bj)<l(M)-l-R-2(al + bJ)<0.

Suppose now that i < iQ and ;' < j0 . We prove that nt - w   £ A+(Af) by

induction on z'0 — i. If / = /0 then

(X(M) + pc, n-Vj) = (j-i)-R-2bj<j0-i0+l-R-2bj = l(M)-R-2bj < 0.

If i < iQ , then

(X(M) + pc, nt_x -tij) = j-i+l-R- 2bj = (X(M) + pc, nt - rij) + 1.

Since X(M)) + pc is integral, the induction hypothesis implies that

(X(M) + pc,rli_x-nj)<0.

Thus, the regularity of X(M) + pc implies our claim.

A similar argument shows that, if /0 < i and j > j0, then t]j-nj fi A+(M).

This proves the first part of the statement. To complete the proof, assume

l(Af) = R. Suppose that i < i0 adn j > jQ , then

(X(M) + pc, rii-nj)=j-i-R>(j0-i0) + 2-R=l>0.   o

Recall that S denotes dim uc.

7.7   Corollary. Suppose that X(M) e S?.

(i) // l(A/) < R then l(w(M)) = S.

(ii) // l(A/) = R then

l(w(M)) = S-(t- jx(M))(d - j2(M)).
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Proof. Assume that \(M) < R. If nl. - r\} G A+(Af), then, by 7.5, i < i0 and

j > j0 . Therefore

0<(X(M) + pc,tli-nj)^j-i-R.

Hence, j-i> R. Since i(M) < R, then j0-iQ = l(M)- 1 < R- 1. Therefore

there is i <r < i0 and j0 < s < j such that s - r - R ; thus,

(X(M) + pc,tjr-rjs) = 0,

contradicting the regularity of X(M) + pc. This proves (i).

For (ii) observe that

l(w(M)) = S-\A+(M)\.

By 7.5,

A+(A/) = {-ni -r]j\l<i< iQ, jQ <j<n},

so

|A+(Af)| = (i0 - l)(n-j0) = (t-jx(M))(d-j2(M)).   D

Let Tx=min(rx,R) and /: {0,..., T,}-Z, f(j) = (/- j)(d-(R- j)).
Corollary 7.7 implies that, if f(j) < 0 for ; G {0, ... , Tx), then, for each

X(M)e5?, l(w(M)) = S.
In such cases the results of [5] apply. This implies

7.8   Corollary. If R — n - 1  then, with the notation as in 7.2,  r'(V) = 0,

i t¿ S, and I^V) is unitarizable w.r.t. g0.

Proof. Since d + t = n , then, if j - 0, ... , t,

f(j) = (t~ j)(d -R + j) = (t-j)(d + j-n+l)<0.   D

Proof of Lemma 7.1 for Type Cn . Suppose that R satisfies the conditions of

Table 7.13. Then a straightforward calculation shows that the function / has

a unique maximum i in {0, ... , Tx} and that T = /(/)> 0.

Set r0 = t — i + 1, s0 = t + R - i, and

0 Í min{w G N|« -rr)-R-2m < 0}   if/'^0,
m, - {

1 I 0 if I/O,

o     f minimGNk,- 1 -R-2m < 0}   if/^i?,

2 I 0 if / = R.

Set A/q = (m,, ... , mn) with m; = m°x, MR_t = m\, and m¡ = 0 if j ^ i,

R-i. Then
í ■%

/^(Mo) = - E 2m^r +   E   2w^r
r^o r=t+\

and one checks that X(MQ) + pc is regular. Since l(Af0) = iî it follows from

6.12 that X(M0)e5f.
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Suppose that X(M) e -2^ . If l(M) < R, then 7.7 implies that

/„ = l(w(M)) = S>S-T = l(w(M0)),

hence \(M) - R. Therefore, by 7.7,

lQ = l(w(M)) = S-f(jl(M));

thus, f(jx(M)) > f(i). If follows that jx(M) = i, j2(M) = R-i.

A straightforward calculation shows that, by 7.5, mx < mXi and m2 <

m2R-i • ^ follows then, that

M' = M - M0 G Nr' x n'2 ;

thus, X(M) = A + p(M) = A + p(M0) + p(M') = X(MQ) + p(M') and, since

jx(M) = i, and j2(M) = R - i, it is clear that jx(M') < i, j2(M') < R- i.

Then

//(A/') = -¿2«>r+¿26>7r
r=rQ r=t+l

with a'r > 0, b\ > 0. If nr- ns € A+(Af0), then, by 7.5, r < r0 and s > s0;

hence, (p(M'), nr-ns) = 0.

It remains only to prove that, if M' satisfies the conditions above and M =

M0 + M', then X(M) e _2£ .

If aGA+(Af0),then

(X(M) + pc,a) = (X(M0) + pc,a) + (p(Al') + pc,a) = (X(MQ) + pc,a)>0.

If a G A(uc)\A+(A/0), then (p(M'), a) < 0 ; therefore,

(X(M) + pc,a) = (X(M0) + pc,a) + (p(M') + pc,a)< (X(MQ) + pc,a)<0.

This implies that X(M) + pc is regular. Finally observe that

[(M) = max(l(A/0), l(A/')) = R;

hence, by 6.12, X(M) e J? and, since jx(M) = jx(MQ) = i, l(w(M)) =

S-f(i) = l0.
It follows that X(M) G ¿2?0 and the proof is complete.   D

We now compute the A"-spectrum and the lowest K-type of the derived

functor modules considered in Corollary 7.2.

Let w0 be the longest element of Wc such that w^l(A+(t)) 2 A+(mc) and

set

vôj = wo(Pôj)>        S=l,2, j=l,...,rs.

For the rest of this section we identify .K-types with their highest weight.
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7.9   Theorem. The K-spectrum ofY6;_r(V) is multiplicity free. Moreover, there

is X0 G t* and 0 < i < R such that

(i) X0 is a lowest K-type for rs~r(V) ;

(ii) a K-type X occurs in Y^~T(\) if and only if
i R-i

X = X0 + Y,m\jvij + Emijv2j>       mSjeN, 0=1,2.
7=1 7=1

Proof. We saw in §5 that

(7.10) YS-T(\)^^YS-T(LC(X)).

kESfQ

Since each X G =2^ occurs in V"c with multiplicity one, the AT-spectrum of

rs_r(V) is multiplicity free.

It follows from (7.10), Lemma 7.1, and Corollaries 3.2 and 3.5 that a AT-type

X occurs in r^_r(V) if and only if

X = w(M0)(X(M0) + p(M) + pc)-pc.

Set XQ = w(M0)(X(M0) + pc) - pc. If X is a .K-type occurring in Y^~ (V),

we must show that

||A + 2/>c||>||A0 + 2/>c||.

Suppose that X = w(M0)(X(MQ))+p(M) + pc)-pc with jx(M) < i, j2(M) <

R-i.

Clearly (p(M),A) > 0 by the definition of A. Since u is abelian,

(p(M),p(M0))>0.
We note that

pc + w(M0)~lpc = 2p(mc)+    J2    a>

a6A+(M0)

hence, by 7.1,

(p(M),pc + w(Mypc) = (p(M),2p(mc))+(p(M),     £    a

V a€A+(M0)    J

= (p(M),2p(mc))>0.

Therefore,

||A + 2pc\\2 = \\w(M0)(X(M0) + p(M) + pc) + pc\\2

= \\(X(M0) + p(M) + pc) + w(Moy]pc\\2

>\\X0 + 2pc\\2 + 2(p(M), X(M0) + pc + w(M0)~lpc)

= \\X0 + 2pc\\2 + 2(p(M), A) + 2(p(M), p(M0))

+ 2(p(M),pc + w(M0)-ipc)

<\\x0 + pc\\2,

as we wished to show.
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Table 7.12

Type_b¿_C = C(Sq)_#1_Ai_

i  p , n+i

A„       u(p,n+\-p) 1 ^£'"2 E  si        Hi
_i=l_i=p+1_

C„ «P(»,R) 5 ^E6- 2">
_ i=i_

Z)„            so*(2n)                   2                       I¿e,.                ff,

_  i=i_

Table 7.13

Type g0 H0 admissible values for R

1   ' 1   "
A„C)     u{q,n + \-q) 5zIei~ï5Iei i? < r, + r2 and,

1=1 i=h-i

4e£-lE^ ifO<-+'-^+"<r,
i'=p+l i=d+l

Q< 2(«-rf?-»-l+2Jt<r2>

n + 1 -2(r-d) + 2*^2(mod4)

C„
1 1

sp(«,l) ï22Ei~ïYl ei R<n- land,
2^ '     2.

1=1 i=i+i

if *y5 <min(i,n-r),

n - Ä even

A, »*(2») ¿É«í-i¿«i *<[§]and,
2^ '     2.i=i i=i+i

if zl^R <min(f, n-t),

It - n + 2R£ 2 (mod 4)

(* ) Here g — t + d - p, r{ = min(t, n + 1 - d) ,  and r2 = min(rf — p, p — t) .

To complete the proof we recall that we proved that w(MQ)(p(M)) is A+(ê)-

dominant. since [u^, u ] = 0, it follows that (p(M), a) < 0 for each a G

A(uc) ; hence, w0(p(M)) is A+(6)-dominant.

Therefore, w(MQ)(p(M)) = w0(p(M)) and

X = w(M0)(X(M0) + p(M) + pc)-pc

= X0 + w(M0)(p(M)) = X0 + w0(p(M))

7,(M) j2(M)

= A0 +   E  miJV2J +   E  M2JV2J

;=i ;=i
; a-/

= 'l0 + EmUI/2;+E'"2;I,2y

7=1 7=1

since jx(M) < i and j2(M) < R- i.   D
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Table 7.14. Type An .

Notation as in Table 7.13, i as in 7.9.

t:    o   ■
fl-»Î2

o o

V1-V2

o

cases

d-p<p-t     E(f-í')^+    É    (f -i + 2r2-d^t,j
7=1    ' J=1-'+i

n+l-(.R-; B+l

+  E   ('-f)^+     E     í'-f+2>t-<U
7=g+1       X ' j=n+¡-(R-i)+l   V_7

d-p>p-t     ¿(f-¿)»77+ E  ('-f-^ + rf)^
7=1 J=«+l

n+l-(R-i)   , . n+1

+  E   ('-iH*     E     ['-'j + ̂ i-1)^
j=q+i+l     v 7 7=n+l-(J?-¡)+l  x

R

Table 7.15. Type Cn .

Notation as in Table 7.13.

o

1\-h
o

^ > n-t, n - t odd

lR

Et^- e
7+1

s
+ 1)1,

^-j^ > n - t, n-t even -2-2^
7=1

^ < min(/, n - t),

n- R even and ^-j^ even

^n-2i
E^î—1/
/=i 2      'J

^<min(í,n-0, E(^ + 1)^+-¿    S^

n - R even and ^^ odd

7=1

+ E
7=«-,+i

;=*-<+1

n-2r 1K 2/ - « + R

7.11 Corollary. With the notation of l.\ and 1.2, Y3 T(\) is a highest weight

module if and only if i = 0 or i = R.

Proof. A (g, AT)-module M is a highest weight module if and only if the set

{X(H0)\X a AT-type of M } is bounded above or below. Recall that CH0 is the

center of t.

Note that vÔJ(HQ) = pSj(W-l(H0)) = pSj(H0) = (-1)"5"1; . (The last equality

follows easily from the definition of unâ .)
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Table 7.16. Type Dn .

Notation as in Table 7.13.
6:        o   -o---o

In this case we have that X0 = Y%=\ (f _ 2z) r\. with the values of i listed below.

cases

^£ > min(Z, n-t)

n^<mm(t,n-t), 2,-n+iR-i

n odd and 2'-"+2*-' even

s^<min(f,»-/), 2'-"t2J?+'

n odd and 2r~"+22/;~1 odd

2^£<min(/,»-i), 2-tzicM

n even and 2'-"2+2R even

Suppose, for example, that / = 0 ; then

{X(H0)\X a K-type of r^V)}

= {¿W + E »V« W } = {¿W - E m2jj} -
which is clearly bounded above.

Finally, suppose that / ^ 0 and i ^ R. Then

{X(H0)\X a K-type of rS_r(V)}

D{X(H0) + mxuxx(H0) + m2u2x(H0)\ms€N}

= {X(H0) + mx -m2),

which is not bounded.   G

Corollary 7.11 shows that most of the representations we constructed in 7.2

are not highest weight modules.

In the proof of Lemma 7.1 we gave an explicit procedure to compute M0

and thus X0 in the Type Cn case. Such a procedure applies to all cases with

minor modifications: we list the result of such calculations in Tables 7.14, 7.15,

and 7.16. From our expression for X0 it is also possible to compute directly

the parameter X(XQ) associated to the lowest .K-type of a representation by

Proposition 5.3.3 of [12]. The infinitesimal character of r^_r(L(A)) is given

by A + ^(A+), where A+ is any positive system compatible with q .
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